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CHAPTER -1 


INTRODUCTION 


INTRODUCTION 

In times of national crises, political, economical or cultural, the talents 
from all walks of life join together to overcome the situation and tide over 
the crises. These combined efforts always result in new discoveries and 
techniques. Operations Research is also the outcome of such situations over 
the last few decades. There were certain scientific methods, considered to 
be man’s greatest assets, which were used only in physical sciences and 
for technical problems before World War il. The other fields were not 
considered suitable for the application of these scientific methods as the 
problems connected with unpredictable human behaviour were not expected 
to retain the same exactness in precision. But the changes in the size and 
complexities of human organisations necessiated a more complex and objective 
study with a scientific basis to solve the problems, e.g. in industrial or- 
ganisations the division of managerial functions into a set of subfunctions 
to serve efficiently the interest of whole organisation. The use of scientific 
methods to study the phenomenon connected with human behaviour has 
been possible due to the development of nondeterministic techniques like 
probability and statistics. 

The term Operations Research was first coined in the year 1940 by 
McClosky and Trefthen of U.K. This new science came into existence in 
military context. During World War II, military management invited a team 
of scientists from various disciplines to assist in soiving strategic and technical 
problems, i.e., to discuss, evolve and suggest ways and means to improve 
the execution of various projects in military. By their joint efforts, experiences 
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and deliberations they suggested certain approaches that showed remarkable 
progress. This new approach to systematic and scientific study of the 
operations of the system was called the Operations Research. Following the 
end of War the success of military teams attracted the attention of industrial 
managers who were seeking solutions to their complex executive type 
problems. 

During the year 1950, Operations Research achieved recognition as 
a subject of academic studies in the universities. Since then the subject 
has been gaining more and more importance for students of Economics, 
Management, Public Administration, Behavioural Science, Social Work, Mathe- 
matics, Commerce and Engineering. In the same year 1950, the Operations 
Research Society of America was formed in order to increase the impact 
of O.R. and to establish the rapport between all its students and users. 
Other countries followed suit and in 1957 the International Federation of 
O.R. Societies was established. In several countries, International Scientific 
Journals in Operations Research began to appear in different languages. The 
primary Journals are Operations Research, Transportation Science, Management 
Science, Operational Research Quarterly, Journal of Canadian Operational 
Research Society etc. 

In India, Operations Reseach came into existence in 1949 with the 
opening of an O.R. unit at the Regional Research Laboratory at Hyderabad. 
At the same time, another group was set up in the Defence Science 
Laboratory which devoted itself to the problems of stores, purchases and 
planning. In 1953, an O.R. unit was established in the Indian Statistical 
Institute, Calcutta for the application of O.R. methods in national planning 
and survey. O.R. Society of India was formed in 1955, which became a 
member of International Federation of O.R. Societies in 1959. The first 
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conference of O.R. Society of India was held in Delhi in 1959. It was felt 
that the primary necessity of the country is to produce well trained O.R. 
practitioners who could tackle practical problems. With the time some of 
the institutions started producing O.R. workers to meet the present and 
future needs of India. It was also decided to start a Journal of Operations 
Research, which took practical shape in 1963 in the form of ‘Opsearch’. 
The Indian Institute of Industrial Engineers has also promoted the development 
of Operations Research, and its journals ‘Industrial Engineering’ and 
‘Management’ publish several papers related to the area. Other journals which 
deal with O.R. are : Journal of National Productivity Council, Materials 

Management, Journal of India and the Defence Science Journal. Towards 
the applications of O.R. in India, Prof. Mahalonobis made the first important 
application. He formulated the second five-year plan with the help of O.R. 
techniques to forecast the trends of demand, availability of resorces and for 
scheduling the complex schemes necessary for developing our country’s 
economy. It was estimated that India could become self sufficient in food 
merely by reducing the wastage of food by 15%. O.R. techniques are used 
to achieve this goal. In the Industrial sector, inspite of the fact that the 

opportunities of O.R. work at present are very much limited, organised 

industries in India are gradually becoming conscious of role of Operations 
Research and good number of them have well trained O.R. teams. With 
the exception of the government and textile industries, applications of O.R. 
in other industries have been more or less equally distributed. 

The objective of O.R. is to provide a scientific basis to the decision 
makers for solving the problems involving the interactions of various com- 
ponents of organisation by employing a team of scientists from all disciplines, 
all working together for finding a solution which is in the best interest of 
organisation as a whole. The best solution thus obtained is known as 
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optimal decision. 

Operations Research can be considered as a source to other new 
sciences. Literally, the word ‘Operation’ may be defined as some action that 
we apply to some problem or hypothesis and the word ‘research’ is an 
organised process of seeking out facts about the same. Though it is difficult 
to give complete and exhastive definition of O.R., it can be defined as 
“O.R. is an art of giving bad answers to the problems which otherwise 
have worse answers”. Operations Research has got wide scope. In general 
whenever there is any problem simple or complicated, the O.R. techniques 
can be applied to find the best solution. It provides an understanding which 
gives the expert new insights and capabilities to determine better solutions 
in his decision making problems with great speed, competence and confidence. 

INVENTORY CONTROL 

Inventory is defined as any idle resources of an enterprise. It is a 
physical stock of goods which is kept for the purpose of future affairs at 
the minimum cost of funds. Inventory generally means raw materials in 
process, finished products, spares etc. stocked in order to meet an unexpected 
demand or distribution in future. Though inventory of materials is an idle 
resources which is not meant for immediate use, it is almost essential to 
maintain some inventories for the smooth functioning of an organisation or 
enterprise. 

Inventory management of physical goods is an integral part of a 
system common to all sectors of the economy such as business, agriculture 
and defence etc. In these systems inventories are ' maintained to regulate 
the production process and to protect against the risk of stockouts. An 
inventory of materials become essential in order to 

(i) promote smooth and efficient functioning of an organisation. 
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(ii) provide an adequate service to the customers. 

(iii) take advantage of price discount by bulk purchasing. 

(iv) take advantage of batching and longer production runs. 

(v) to provide a safeguard for variation in raw material delivery time or 

iead time to aliow flexibility in production scheduling etc. 

Though the inventories are essential to provide an alternative to 

production or purchase in future, they also mean lock up capital of an 

organisation. Maintenance of inventories also cost money by way of expenses 
on stores, equipments, insurance etc. Thus excess inventories are not desirable 
and therefore requires for controlling the inventories in most profitable way. 
Introduction of a proper inventory control system helps in keeping the 
investment in the inventories as low as feasible and yet ensures availability 
of materials by providing adequate protection against uncertaintities of supplies 
and consumption of materials and allows full advantage of economies of 
bulk purchase and transportation costs. Such a system in an organisation 
reduces considerable chances of going out of stock and at the same time 
leads to the reduction in inventory levels and release of capitals. The later 
has a direct effect on the profitability of the company’s business. Therefore 
the basic inventory control problem becomes of determining— when should 
an order for materials be placed and secondly how much should be 
produced at the beginning of each time interval or what quantity of an 
item should be ordered each time. Following are the definitions of some 
costs and terms involved in inventory problems. 

Set Up Cost ; This is the cost associated with the setting up of 
machinery before starting the production. Set up cost is generally assumed 
to be independent of the quantity ordered for or produced. 

Ordering Cost ; This is the cost associated with ordering of raw 
materials for production purposes. Advertisements, consumption of stationery 
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and postage, telephone charges, rent for space used by the purchasing 
department, travelling , expenditure incurred etc., constitute the ordering cost. 

Production Cost ; When large production runs are in process, these 
result in reduction of product cost per unit and also when ‘quantity discounts’ 
are allowed for bulk orders for purchase above a certain specified quantity, 
the order quantity may suitably be adjusted so as to take advantage of 
these discounts. 

Holding Cost : These are the costs associated with the storage of 
an inventory untill its use or sale. These costs generally include the costs 
such as rent for space used for storage, interest on many locked-up, 
insurance of stored equipments, production taxes, depreciation of equipment 

and furniture etc. 

Shortage Cost ; These are the costs involved with the inadequacy 
of the stock of certain commodity to meet the demand for some time. 
Shortage of stocks may result in the cancellation of orders and heavy losses 
in sale which in turn may result in loss in good will, profit and even the 
business itself. 

Besides the costs that determine the profitability, other factors which 
play an important role in the study of inventory problems are- 

Demand : Demand is the number of units required per period and 
may be known either exactly or in term of probability or be completely 

unknown. Further, if the demand is known, it may be either fixed or variable 

per unit time. Problems in which demand is known and fixed are called 

deterministic problems, whereas those problems in which demand is assumed 
to be random variable are termed as stochastic or probabilistic problems. 

Lead time : The time taken between placing an order and its actual 


arrival in the inventory. 
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Stock Replenishment : Although an inventory problem may operate 
with lead time, the actual replacement of stock may occur instantaneously 
or uniformly. Instantaneous replenishment occurs in case the stock is pur- 
chased from outside sources whereas the uniform replenishment may occur 
when the product is manufactured by the company. 

Time Horizon : The time period over which the inventory level will 
be controlled is called the time horizon. This horizon may be finite or 
infinite depending upon the nature of demand for the commodity. 

Deterioration ; it is decay or damage of the item so that it is not 
meant for its original purpose. 

TECHNIQUES 

Generally every organisation consumes several items of stores. As all 
the items are not of equal importance, a high degree of control on 
inventories of each item is neither practical nor worth while. Therefore, it 
becomes necessary to classify the items in groups depending upon their 
importance. Such a classification is known as principle of selective control 
as applied to inventories. The most common selective techniques are based 
on ABC (Always better control) analysis, VED ( Vital, Essential, Desirable) 
analysis and FNSD (Fast, Normal, Slow, Dead) classification according to 
descending order of their consumption value, criticality, inventory value and 
usage rate respectively. These different selective control techniques are suitable 
in different situations, which depend upon the nature of the inventories 
carried out by an organisation to decide which selective control technique 
must be chosen. Sometimes these techniques are used combindly in order 
to have better judgement. 

CLASSIFICATION OF INVENTORY MODELS 

Basically the inventory models are classified in two categories - 

(1) Deterministic Inventory Models : In such inventory models, 
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demand is completely predetermined. These problems are also termed as 
the economic order quantity problems. The first mathematical deterministic 
model which we know about is generally referred to as Wilson’s formula 
and was obtained by F.W. Harris in 1915 while he was working on a 
system of production planning and inventory control on behalf of Washington 
Co. The problem was to determine the order quantity and the time interval 
between the successive orders when demand is known, production is in- 
stantaneous, shortages are not allowed and lead time is zero. The Wilson’s 
formula is given by 



where d denotes the demand, the set up cost and C.| the holding cost 
per unit per unit time. /-< ■ • 

In the above model discussed, replenishment time is zero, i.e. items 
ordered are procured in one iot. In practical life this happens rarely particularly 
in production policies, the items can be produced on a machine at a finite 
rate per unit of time and hence replenishment time is not zero. Taking all 

the assumptions same as in above model except that the rate of replenishment 

is finite, then such model is known as EOQ model with finite rate of 
replenishment. Inventory models in which demand is satisfied throughout in 
a system are referred as EOQ model without shortages. The models in 

which shortages occur for some period in the system are known as EOQ 

models with shortages. The inventory models in which deterioration (constant 
or variable) affects the items in inventory of the system are known as EOQ 
models with deterioration. 

(ii) Probabilistic Inventory Models : Inventory models in which 
demand is not known exactly but the probability distribution of demand is 
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known are referred as probabilistic or stochastic inventory model. The first 
probabilistic model, now known as ‘news boy problem’ was obtained during 
World War II. 

SURVEY OF THE WORK ON INVENTORY CONTROL * 

Since the development of Wilson's Economic Order Quantity inventory 
model in 1915, a number of research papers have appeared analysing 
mathematical models of inventory control under various costs and demand 
structures and restrective situations and (or) conditions. A discription and 
analysis of these models are given by authors of standard text book on 
inventory control viz. Arrow, Karlin and Scraf, Naddor [75], Tersini [103] 
and Wagner etc. An up to date account of literature in inventory management 
is prepared by Silver [89], who has also hinted on possible areas for 
further research. 

Traditionally inventory models assume that consumption rate does not 
depend upon ordered quantity and are uncorrelated with each other. However 
the above assumption may not be true in many cases. For instance in 
some particular situation the consumption may go up for higher inventory 
level and vice-versa. 

Gupta and Vrat [50] derived an EOQ model taking dependence of 

demand rate on ordered quantity for no shortage case when lead time is 

zero. They established the model for both the cases, i.e. when rate of 
replenishment is instantaneous and, finite for minimizing the total cost of 

the system. 

In the aboce EOQ model, cost minimization technique is used to 
take care of stock dependent consumption rate. The expression for variable 
demand rate is used in the cost equation for constant demand, and total 

cost for the system has been calculated, which is incorrect except where 
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the demand rate depends on replenishment size. 

Mandal and Phaujdar [72] proposed an EOQ model without shortages 
where replenishment of stock is instantaneous and demand rate depends 
upon the current stock status. A linear functional relation [r(q) = a + /3q] 
between demand rate r and stock level q is assumed and criteria of 
maximizing total profit per unit time is applied to remove the drawback left 
by Gupta and Vrat [50]. Condition of optimality for this model is given 
as 


A — |C^ — /i(p — C) 


(a + /3S) log - /3S 


= 0 


( 1 . 2 ) 


if the criteria of maximizing the total profit per unit time is utilized, and if 
criteria of minimization of total average cost per unit time is used then we 
would obtain optimality condition as 

(a+y3S)log (1 +fs) -y3S 

A - (C^ + y3C) = 0 (1 .3) 

r 


where A is the set up cost, C and p are unit cost and selling price of 

the item, is the unit holding cost per unit time, and S is the highest 

stock level. Moreover, if -* 0, both expressions reduce to the classical 

formula as given by Wilson for uniform demand. 

Baker and Urban [13] have analysed a situation assuming the 
demand rate to be dependent on the on hand inventory according to the 

relation r = a q^ where a > 0, 0 < < 1. 

Datta and Pal [36] have studied a model where the demand rate 
declines along with stock level down to a certain level of the inventory, 
and then the demand rate becomes constant for the rest of the cycle. 
Such a situation can be seen to occur in cases where the customers arrive 
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to purchase goods attracted by the huge stock, and after certain level of 
declining inventory, only a limited number of customers arrive to purchase 
goods owing to such factors as good will, good quality, genuine price level 
of the goods, locality of the shop etc. 

Donaldson [23] derived an analytical solution to the problem of 
obtaining the optimal number of replenishments and optimal replenishment 
time of an EOQ model with a linearly time dependent demand pattern over 
a finite time horizon. His method needs a lot of computations and is not 
easy to use. Later many other researchers have proposed various other 
techniques, which require comparatively less computations to solve the same 
inventory problem. Among them. Silver [90], Mitra et. al. [68], Buchanan 
[9] and Ritchie [85] are worth mentioning. In all these above models, 
shortages are not taken into account. But when the holding cost is significant 
as compared to the shortage cost, the total cost for each replenishment 
cycle may be reduced by allowing shortages for some time. 

Zangwill [111] developed a discrete in time dynamic programming 

algorithm to solve an inventory model by allowing the inventory level to be 
negative where the demand pattern is time dependent. 

Deb and Chaudhuri [30] have attempted to extend the heuristic of 

Silver [90] by allowing shortages which are fully backlogged, but their 

exposition is incorrect. Dave [34] has pointed out the flaws in the article 
of Deb and Chaudhuri [30] and has given the correct analysis. Following 
the approach of Donaldson [23], Murdeshwar [71] tried to derive an exact 

solution for a finite horizon inventory model to obtain at the optimal number 
of replenishments, optimal replenishment time, assuming the demand rate to 
be a linear function of time and considering shortages which are completely 
accumulated. His exact solution turns out to be incorrect as expression for 
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shortage cost was wrong. Dave [35] later, has proposed a method for 
siolving the same problem reducing the necessary computations. He has 
also shown that no shortage period for each cycle is a constant fraction 
of the corresponding cycle length. 

Deterioration is one of the important factor to be considered in the 
study of inventory systems. As defined earlier, deteriorated item does not 
retain its original value, therefore its effect on inventory system cannot be 
disregarded. 

Ghare and Schrader [41] were the first to introduce the notion of 
deterioration. They proposed an EOQ model in which items deteriorate at 
a constant rate. Soon after this, Emmons [38] followed a similar exposition 
for the decay of radioactive nuclear generators. This work was extended by 
Covert and Philip [16] and Philip [81] by constructing EOQ models for 
items with variable rate of deterioration which was further generalised by 
Shah [94] allowing shortages and considering general deteriorating functions. 

Shah and Jaiswal [91] developed an order level inventory model 
for constantly deteriorating items where a constant fraction of on hand 
inventory deteriorate each unit of time. The model is established for both 
the cases, the deterministic as well as probabilistic. But they committed a 
mistake while calculating average inventory holding cost for the system. 
Authors have actually considered the inventory level of the system exactly 
linear in the prescribed interval which is not correct. A similar type of error 
has also been made in the development of the probabilistic model. The 
total cost of the system as given by Shah and Jaiswal [91] is 


C,St, Cj 




(1,4) 


where the symbols have their usual meanings. 
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S.P. Aggarwal [1] developed an order level inventory model for a 
system with constant rate of deterioration by rectifying the error in Shah 
and Jaiswal’s analysis in deetermining the average inventory holding cost in 
the model. 


The term in the right hand side of equation (1.4) has been 

taken as the total average inventory holding cost per unit time. It is clear 
that they have assumed the inventory level of the system to be linear in 
(0, t^). The corrected average inventory holding cost per unit time should 

be 




r f S - ^ |exp (a) - 1 1 exp (-i9t)j dt 


(1.5) 


and the corrected total cost equation of the system then becomes 


K 


c0S^ 


2(93-] 

+ ^rT 

S.2 Sn 

2rT 

^ 2rT U 

3r J 

^ 2T r " 

rj ^ 2rT V rj 


( 1 . 6 ) 


where symbols have their usual meanings. 


Observing both the cost equations (1.4) and (1.6), it is interesting 
to note that assuming linearity the multiplier 2/3 in the second term is not 
present which means that assuming linearity under-estimates the inventory 
holding cost. 

Dave and Patel [26] have derived a (T, S.) policy inventory model 


for time proportional demand. In this model demand rate is linearly changing 
with time and deterioration is taken to be constant, the planning horizon 
is known and finite and replenishment periods are assumed to be constant. 
They have found the optimal number of replenishments which are instan- 
taneous. 

In all these models, discussed so far, time is treated as a continuous 
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variable. Dave [24, 25] has presented two models for deteriorating items, 
where time is a discrete variable. 

Dave [27] proposed an order level inventory model for continuously 
deteriorating items. The model is continuous in units but allows discrete 
opportunities for replenishments. The demand is assumed to vary from time 
unit to time unit and occurs instantaneously at the beginning of each time 
unit. The deterioration is a constant fraction of on hand inventory at the 
beginning of a time unit, which also varies from time unit to time unit. 
Lead time is zero and shortage are allowed which are fully backlogged. 

Sachan, R.S. [98] extended the model developed by Dave and 
Patel [24] for deteriorating items with time proportional demand. In this 
inventory model shortages were not allowed. Sachan [98] has derived a 
(T, Sp policy inventory model by assuming demand as time dependent and 

permitting shortages which are completely accumulated. He has also corrected 
the numerical results and explained the potential cost savings in comparision 
with the model given by Dave and Patel [24]. 

Datta and Pal [32] have presented an EOQ model considering the 
existence of suitable power demand pattern and special form of Weibull two 
parameters density function. Such a special form of deterioration is chosen 
in order to make the problem more tractable. The model allows shortages 

for a prescribed period of time. Both the cases, deterministic as well as 
probabilistic have been studied in this model. 

Mandal and Phaujdar [72] has utilized cost minimization criteria to 
put the total average cost of the system to a minimum when the items 

deteriorate at a variable rate, production rate is uniform, shortages occur, 
set up cost is considered and demand rate is dependent on instantaneous 

inventory level. 
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Goswami and Chaudhuri [53] formulated an inventory replenishment 
policy over a fixed planning period for a deteriorating item having a 
deterministic demand pattern with a linear trend and allowing shortrarrges. 
The number of re-orders, the interval between two successive reorders and 
the shortage intervals over a unit time horizon are all determined in an 
optimal manner so as to minimize the total average system cost. In ’ the 
last, effects of variation in the deterioration on the optimal policy are also 
explained with a numerical example. 

It is usually assumed in inventory models that the ware house owned 
by the management is adequate to stock the inventory procured. However, 
it can be attracted to the management to purchase or produce more goods 
that can be stored in the owned ware house (OW), excess quantities are 
stored in rented ware house (RW) which is located above from OW. The 
management resorts to this practice either when the acquisition costs are 

higher than the holding costs in RW or when it gets an attractive price 
discount for bulk purchase. The consumers are served only from OW as 
inventory holding charges in RW are higher than those in OW, and to 
reduce the holding cost, stocks of RW are cleared first. Inventory models 
dealing with such situations are termed as ‘Inventory models with two levels 
of storage’. 

A model of above type was first developed by Hertely [58]. He 

derived a computational procedure for determining the optimal order quantity 
under the assumption that transporting a unit from RW to DW is not 

significantly high. 

Sharma [99] presented a solution procedure for the deterministic 

inventory model with two levels of storage taking transportation cost of a 
unit from RW to OW into account. 
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Goswami and Chaudhuri [54] derived a deterministic inventory model 
in which demand varies over time with a positive linear trend. Here the 
transportation cost depends on the quantity to be transported unlike Sharma 
[99] in which this cost was a fixed constant independent of the quantity 
being transported. 

Whenever a supplier gives an advance notice to the buyer of an 
increase in the unit purchase price of a product, the buyer can very often 
take advantage of the last few opportunities of buying the product at a 
lower unit price. 

The decision problem facing the buyer is to determine the economic 
ordering policy during time period the product can be purchased at a lower 
unit price. The problem of determining economic ordering policy under the 
conditions of announced price increase has attracted the attention of many 
researches. 

Let tg, tjj and t^ be the timings of the price increase, at which 
stock held at time t^ reaches to zero, and at which the price increase is 
to be effective. 

Naddor [75] has considered the case when t^ = t[ 3 , and determined 
the economic order quantity assuming that buyer has only one opportunity 
to place a special order at the end of the EOQ cycle. 

Taylor and Bradley [104], Tersini [103]. Lev and Soyster [63] have 
considered the situation when t^ < t^^, when no replenishment order is 

scheduled before t . 

C 

In case t^ > t^^, at least one replenishment is scheduled during the 

time interval (t^, tj^). The buyer has time to adjust order quantities during 
this interval. Taylor and Bradley [104], Goyal [45], and Lev and Soyaster 
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[63] first determined an integer number of purchase orders of equal size 
during the interval (t^ , t^^) and then placed a special order just at t^. Taylor 

and Bradley defined such a policy as the Modified Lot Size Strategy (MLS 
Strategy). 

Goyal and Bhatt [51] proposed a generalized MLS policy which 
renders the MLS policies of Taylor and Bradley [104] as a particular cases. 
They assumed n purchase orders of equal sizes placed prior to the 
(n + 1) the special order which is placed before or at t^ and after the 
special pruchase order, the usual EOQ according to the new unit purchase 

price is implemented. 

Goyal, S.K. [52] also investigated a simple procedure for determining 
the optimal ordering policy for an item for which an increase in the price 
has been announced. With this technique, need for evaluation and comparision 
of the total cost of alternate ordering policies for determining optimal ordering 
policy is not required. 

Krishnamoorthy and Manoharan [61] have considered an inventory 
system with unit demand, varying ordering levels and random lead times. 
Ordering level is determined by the number of demands during last lead 

time when backlog is not permitted. The time dependent probability distribution 
of the inventory level is obtained and correlation between the number of 
demands during a lead time and the length of next inventory dry period 

is established. 

Yanasse [110] studied an EOQ system in which an anticipated price 

may increase and determination of exceptional lot is required. He used the 
criteria of minimizing the maximum errors in terms of cumulative costs to 
determine this ordered quantity, which avoids the pitfalls raised on certain 
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works that compare out of phase inventory policies. 

Zodeh and Lee [74] considered an inventory system where orders 

may arrive in two shipments, that is, in the first shipments order may 
contain only part of itmes ordered, while the rest of items arrive in a 

second shipment. However, the amount of first shipment is random. Such 
situation arise when the supplier partially fills the order if it does not have 

significant stock to satisfy the amount demanded in an order, or when an 

arriving order contains some deffective items that can be returned to and 

replaced by the supplier at some later date. He has determined the 

approximate cost function, ordered quantity and reorders points that minimize 
it. 

Altiok [4] considered an (R, r) continuous inventory policy in a 

production or inventory environment consisting of a production facility and 

a finished product warehouse for one type of product. Policy indicates that 

production starts when on hand stock reaches to r and continues untill 
the stock level becomes R. Here demand process is assumed to be 

compound poisson and processing times are phase type. The problem of 
finding cost minimizing values of r and R is studied through the analysis 

of inventory process for both back ordering and lost sales cases. 

SUMMARY OF THE THESIS 

In this thesis an endeavour is made to establish some more realistic 
deterministic and probabilistic inventory models under different conditions. 

Chapter first, is of introductory nature, this provides history, evolution 
and develo pme nt of Operations Research. Some methods and teachniques 
involved in the study of inventory control have been out lined. Various costs 
and terms related to the inventories are explained and different types of 
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models are discussed depending upon the conditions and assumptions 
prescribed. A general literature survey on inventory control is also given. 
Thus, this chapter motivates for the work, accomplished in this thesis. 

In second chapter, and EOQ model is derived, taking the dependence 
of stock quantity on the demand rate. The model is first established for 

instataneous case of replenishment and then finite replenishment case has 

been considered. Different forms of the functional relationships existing between 
the demand rate and stock quantity have been taken to derive the EOQ 
model, using cost minimization criteria. 

In above EOQ model, while evaluating total cost per unit time of 
the system, expression for variable demand rate has been substituted in the 
cost equation obtained for constant demand rate, which is not justified as 
this would not consider the stock dependent consumption rate except where 
the demand depends upon the replenishment size. In chapter third, keeping 

this in view, an EOQ model is formulated and profit maximization technique 
is employed to obtain the optimal solution. The expressions for EOQ model 
are derived when rate of replenishment is instantaneous and shortages are 
not allowed. 

Chapter fourth is devoted to the study of EOQ models where items 
in inventory deteriorate at some constant rate. The EOQ model is developed 
assuming different functional relationships between the demand rate .and 
current stock level and replenishment of the stock is instantaneous. 

The optimum cycle length and total maximum profit per unit time 

can be obtained, if the explicit form of demand rate is khown. It is also 
deduced that if there be no deterioration, the result derived in first case 
reduce to those given by Mandal and Phaujdar [72]. 
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In fifth chapter, an order level inventory model for deteriorating items 
is produced. There were some remarkable errors in the order level inventory 
model given by Mitali Roy Choudhary and K.S. Chaudhary [19]. These 
errors are modified here and corrected results are obtained. In this model 

units in inventory procure at a finite rate r, items consume at a rate r (k 
r), shortages are allowed and completely backlogged, lead time is zero and 
deterioration is a constant fraction of the on hand inventory. The model is 
discussed for both deterministic and probabilistic demands. A numerical 
problem is also worked out to determine optimal value of stock quantity, 
timings of sub- intervals and total minimum cost for the system. 

In inventory models, developed by various anthors, demand rate 
either depends on stock quantity or time. Chapter six deals with the 

inventory models considering the dependence of demand rate on stock 
quantity and time both. The model is derived for instantaneous replenishment 
case not allowing shortages. 

In chapter seven, an inventory model is developed where demand 

varies exponentially with time. It is assumed that rate of deterioration is 

constant and production occurs as soon as the stock level reaches to zero, 
lead time is zero and shortages are permitted for a fixed time interval. 
Later EOQ model is discussed for non-deteriotation items and it is shown 

that when no deterioration takes place, former EOQ model reduce to the 
later. Probabilistic cases of above models are also studied in this chapter. 

Chapter eight is the generalization of the EOQ model developed in 

previous chapter, in the inventory model developed here, demand rate is 

exponential function of time and rate of deterioration is variable i.e. 

B = Apt where B^ is a constant and O<0< 1, t>0. Deterministic as well 
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as probabilistic models are considered with backlogging option which are 

fully accumulated. It is deduced that when there be no deteriration the EOQ 
model reduces to the model for non-deteriorating items presented in seventh 
chapter. 

In the last chapter a (T, S^) policy inventory model is determined 

with linear trend in demand rate. The model is formulated for variable rate 

of deterioration of items in the system. Here the number of replenishments 

periods, scheduling time, length of the cycle and total cost are, all determinied 
in an optimal manner. In the second part of the chapter this model also 
incarporates shortages. Finally, it is shown that if deterioration does not 
occur, both of these models reduce to the corresponding models for 
non-deteriorating items as obtained by Naddor [75]. 



CHAPTER-2 


AN EOQ MODEL WITH STOCK DEPENDENT 
DEMAND RATE 


INTRODUCTION 

In conventional inventory models it is assumed that demand (con- 
sumption) rate does not depend upon inventory level. But this assumption 
is unlikely to be true in the cases where the consumption pattern is likely 
to be influenced by the stock maintained. For example in some particular 
situation the consumption may increase if the level of inventory is high and 
vice-versa, because the customers may be motivated with the ease of 
availability or abundance of supply of the items. This behaviour of the 
customer results the case of stock dependent demand pattern. In such 
cases the total system cost should also include the direct purchase cost 
of the items as the inventory prices do affect the direct purchase cost of 
the product. 

Gupta and Vrat [50] presented an EOQ model where stock level 
affects the consumption rate. They established expressions for EOQ models 
for different functional relationship with instantaneous rate of replenishment 
and with no shortages. They also obtained expressions for finite rate of 
replenishment with no shortages and linear consumption rate. 

In this chapter an EOQ model is derived with stock status dependent 
consumption rate. Expressions for EOQ have been established with instan- 
taneous rate of replenishment and finite rate of replenishment respectively in 
no shortages case for different functional relationships. 
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ANALYSIS 

INSTATANEOUS REPLENISHMENT CASE 
In classical EOQ model for constant demand rate r, the total cost 
of the system per unit time is given by 


Ar 

K(q) = rC + ^ + -^ 


( 2 . 1 ) 


Where A denotes set up cost per order, C the unit purchase cost, 
unit carrying charges per unit per unit time, q the order quantity and T 
the planning period. --r j -f,. 

EOQ model has been considered for the following functional relations - 

(i) r(q) = a + yS log q 

(ii) r(q) = a + y3a"' 

(iii) r(q) = a + y3a“^ 

'\ 

(iv) r(q) = a + ySq + yq^ 

where a, fi, y and a are positive constants. 

Case (i) ; r = « + log q 

Substituting this value of demand rate r in equation (2.1), we get 

K(q) = aC+y^fClogq + ^^^ + 5^ + ^ (2.2) 


using 


Now, for cost K to be minimum, condition is 
equation (2.2) gives, 


dK(q) 

— = 0, which on 
dq 


CC, 


+ 


(^0 , BA a A 

a + (1 - log q) - — = 0 


(2.3) 


On simplifying this gives, 

CC^q^ + 2^Cq + 2y3A(1 - log q) = 2aA 
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or CC^q^ + 2^Cq - 2/3Alog q + 2A(a + /3) = 0 (2.4) 

The above equation can be solved by Nevvton-Raphson method for 

obtaining the value of q. 

cj2K A [/3(log - 3) + 2a] - /?Cq 


Also 

dq^ q" 

which is positive for ali values of q given by 

a (log q^ - 3) + 2« ^ C§_ 
q A 


(2.5) 


( 2 . 6 ) 


Thus equation (2.4) gives optimal value of q under condition (2.6). 
Case (ii) : r = a + 

Substituting this value of r in equation (2.1), we get 


K(q) = ctC + 




2 q 

For optimal cost we have 
dK 


(2.7) 


dq 


0, which gives, 


CC 


’ “* + /JCa’loga + ^^5^-^ = o 


? 2 
q 


( 2 . 8 ) 


q q- 

or CC.|q^ - 2aA + 2^0 log a q^a^ + 2/^A (log a) a*^ - 2pAa°‘ = 0 (2.9) 

Equation (2.9) can be solved by Newton-Raphson method for q. 
2aA + (iC (log a)Va‘’ + [l + {(log a) q - 1 j.^] 


Also 


dq^ 


(2.10) 


d^K 


This shows that — r > 0 for all values of q. Thus equation (2.9) 
dq 

gives the optimal value of q. 

If we take a = e then the result reduces to that of Gupta and Vrat [50]. 
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Case III ; r = a+)3a 

Putting this value of r in equation (2.1), we get 

K(q) = aC + + ^ + (2.1 1) 

2 2 q 


For optimality of q, we have 

dq 2 q2 q q2 ' ' 

which simplifies to 

CC^q^ - 2aA - 2/3C(log a)q^a“'’ - ;^A(log a)qa~'^ - 2fiAa~^ = 0 (2.13) 

Equation (2.13) can be solved by Newton-Raphson method for q. 

2 

Also \^ak + /3C(log a)^q^a“'’ + A^a~'’ |l + (q log a + 1)^|-j > 0 

dq q 


for all values of q. 

Therefore equation (2.13) gives the optimal value of q. 
Case (iv) ; r = a + ^q + yq^ 

Using this value of r in equation (2.1), we get 

CC 

K(q) = aC + A^ + (ySC + Ay + -y!-)q + yCq^ + ^ 

For total cost to be minimum 

dK 

^ = 0, which implies. 

CC 

/3C + Ay + + 2yCq - ^ = 0 

^ q 


(2.14) 


(2.15) 


(2.16) 


On simplifying, above expression reduces to 
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cc. 


2yCq^ + (/3C + A/ + ^ - Aa = 0 


(2.17) 


Also 


d^K 

dq2 


= 2yC + 


2Aa 


(2.18) 


H^K 

It is clear that > 0 for all values of q. Therefore solution of 
dq^ 

equation (2.16) is the optimal value of q. 

FINITE REPLENISHMENT CASE 

In this section EOQ has been established under finite rate of replenish- 
ment for the following functional relations — 

(i) r' = r + ^ 

q 

(ii) r' = r -f §q' 

(iii) r' = r -t- 

where and y are positive constants and A' is the consumption 
rate during depletion time. The total cycle time T consists of two parts; 
T|.p the time during which replenishments come and T^ the time during 
which stock depletion takes place. Thus T = T^p -f T^. The finite replenishment 

rate and the consumption rate are taken k and r respectively such that 

k > r. Obviously net rate of procurring of items in inventory is k — r. 

Case (i) : Following Gupta and Vrat [50] the inventory carrying cost per 
cycle is given by 



where 
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Also 


Case 


The total cost per unit time of the system is 


. ^ CC.q^ . ^ 
K(q).:j:[A + ^(l-^)] 


Ak)3 


q03 + kq) (fi + kq) 




(2.19) 


For which optimal condition is 


dK _ -At^ Ak^j3 Ak^A 

dq q2(/3 + kq) q03 + kq)^ (y3 + kq)^ 2 


CC, 

.^( 1 - 0=0 


( 2 , 20 ) 


This equation can be solved for q by Newton-Raphson method. 


2Ak^)g 


2Ak^r 


d^K _ 2Aly3 ^ 2Ak^j3 
dq2 + kq) q^OS + kq)^ ' q^S + kq)^ ' {fi + kq)= 


( 2 , 21 ) 


d"K 


Clearly > 0 for all values of q. 
dq 


This solution of (2.20) gives the optima! value of q. 
(ii) : r' = r+y3q>' 

Here the total cost per unit time is given by 


K(q) = 


Akr 


^ Ak^q>--^ , _ r. 

q(k + /?q') (k + /Iq') 2 \ k) 


(2.22) 


Condition for which to be optimal is 


dq 


i' ' 

q^(k + fiq'') q(k + jicf) 


Akr _ Akrygyq^ ' Aly3(y - 1 )q^ _ Ak^^yq^'' ^ 

,2/l, ^ , ,j_’a2 (k + /Jq>') (k + (iq- f 


CC, r 


(2.23) 


Equation (2.23) can be solved by Newton Raphson method for q. 
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Also 


d^K_ 2Akr ^ Al^(y - 1) (y - 2)q' 
dq2 q3(k+y3q>') 


- 2''n>' ~ ^ 

(k + ySqJ') 


+ Ak^yq''-3[r(3-y)-3^(7-1)q^] 2Ak(^y ) V" ' "(r + M) 


(k+^q^f 


(k + /Jq'O 


,'/^3 


(2.24) 


M d^K „ 

Now r > 0 if 

dq2 


r(3 - }') - 3p(y - 1)q>^ > 0 
1 1 // 


or q < 


K3 - r) 


and 2 < '/ < 3 


(2.25) 


[3/3(7 -1)J 

Hence solution of equation (2.23) under condition (2.25) gives the 
optimal value of q. 

Caes (iii) : r' = r + /3e^ 

In this case the total cost per unit time of the system is 


K(„ = /, . I) 

q(k + (ie^) 2 \ k/ 

The optimality condition for q, implies 


(2.26) 


^ = Ak/3e^ _ Ak(r + fie^) _ Ak/3(re^ + /3e^^) ^ _ 

d^l q(k + /3e^) c^{k + fiQ^) q(k + /3e^)^ 2 k) ^ 


(2.27) 


Also 


Solution to which can be obtained by Newton-Raphson method. 

^ [(q - 1) + l] ^ 2Akr 2Ak/^(re^ + 

dq2 q3(k+y3e'’) q3(k+/3e'’) q2(k+/3eV 


+ Aly3e^(0 - r) (k - 
q(k + 


(2.28) 
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It is clear that > 0, if (k - /3e'^) >0 or q < log ^ (2.29) 

dq^ ^ 

Solution of equation (2.27) under condition (2.29) gives the optimum 
value of order quantity q. 

DISCUSSION 

In EOQ model formulated here, demand rate depends upon the 
stocks and shortages are not allowed. First model is discussed for instan- 
taneous case of replenishment and iater for finite replenishment case for 
assumed demand rates. A solution procedure is explained to get optimal 
value of stock quantity and substituting this in cost equation, total cost of 
the system per unit time can be estimated. 

Model derived in second case reduces to the corresponding model 
given by Gupta and Vrat [50] under specific conditions. Some more functional 
relations between the demand rate and stock quantity can be constructed 
to obtain the new results. 



CHAPTER -3 


INVENTORY MODELS FOR STOCK DEPENDENT 

DEMAND RATE 
(Different Approach) 


INTRODUCTION 

EOQ models derived in the previous chapter use cost minimization 
criteria considering the stock dependent consumption rate for different functional 
relationships. The expression for assumed variable demand rate has been 
substituted in the total cost per unit time derived under the assumption of 
constant demand. Naturally this could not take care of stock-dependent 
demand rate except where the demand rate is depending on replenishment 
size. 

Mandal and Phaujdar [72] suggested an EOQ model through profit 
maximization criteria considering the consumption rate depending upon the 
current stock level to yield the optimal solution, which is more realistic. 
They assumed a linear dependence of the demand rate on the current 
stock level. 

In this chapter EOQ models are derived with some more plausible 
functional relationships existing between the demand rate and current stock 
level. 

THE MODEL 

Here the EOQ model is established in the case where the replenish- 
ment of the stock is instantaneous, shortages are not allowed and the 
demand rate depends upon the current stock level. The total profit per unit 
time during time T, obtained by Mandal and Phaujdar [ 72 ] is 
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where p denotes unit selling price of the item, A the set up cost, C unit 
cost price of the item, unit holding cost per unit of the item and S 
is the highest stock level. 

S 

Also G(S) = / ^ (3-2) 

^ -J, '■(q) 

S 

and F(S) = / = T (3.3) 

0 J' ^ 

The optimum value of S for total maximum profit per unit time is 
a solution of Z'(S) = 0, provided z''(S) < 0 for that value of S. Thus for 
optimal value S, expression (3.1) implies, 

F(S) Up - C) - C^G'(S)1 = F'(S) r(p - C)S - A - C^GCS)! (3.4) 

where prime denotes derivative with respect to S. Equation (3.4) is in general 
a non-linear equation which can be solved numerically by Newton-Raphson 
method, if the explicit form of r(q) is known. The optimal cycle length is 
given by F(S*) where S* is the optimal value of S. 

ANALYSIS 

EOQ model has been established for the following functional relations — 

(i) r(q) = a + liq + yq^ 

(ii) r(q) = « + ^ 

Hi 

(iii) r(q) = aeP^ 

(iv) r(q) = ae~^^ 

(V) r(q) = aq~^ 
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where a, and 7 are non-negative constants. 

Case (i) : r(q) = a + pq + yq^ 

Putting the value of r in equation (3.3), we get 


F(S )4 


dq 


Q a + (3q + yq 




(2S7 + ^ - N) 

1 (y 3 + N\ 

y 2 Sy -i- ^ + N j 

1 1)8 - nJ 


where - Aay > 0 

Therefore 


(3.5) 


F'(S) = 


47 


(2S7 + (Sf - 


(3.6) 


Also putting the value of r in equation (3.2), we get 


G(S) = / 


qdq 


0 ci + (iq + yq 

1, (a+fiS+yS^] (i , (2S7 +/J- NW/3 + N\ 

'“9 i « j - ^ ">9 Us.,+? + N 


So, G'(S) = — 




2y {a +(iS + yS^) {2yS + (if - 


(3.8) 


Now substituting the values of F(S), F'(S). G(S) and G'(S) in equation 
(3.4) and simplifying the resulting expression, we get 

2S7 




1 ( 


1 -t- 


log 


A. 




(1 + ) 

\ 5 + N/ 


r o ? C 03 -F 27S) |(/J -h 278)^ - N^l 

[(p - C)i03 + 2ySf - N^l ^ r L + 2 C./ 3 I = 0 

L ^ J 2 y(a + / 3 S + yS^) ^ -I 


(3.9) 
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It can be shown that if y = 0, the above expression (3.9) reduces 
to that obtained by Mandal and Phaujdar [72]. 

Equation (3.9) is a transcedental equation which can be solved by 
Newton Raphson method. The solution of equation (3.9) which satisfies 
Z”(S) < 0 gives the optimal value of S. 

Case (ii) ; r(q) = a + ^ 

Substituting this value of r in equation (3.3), we get 


S 

F(S) = / 


0 


1_ 

a 


qdq 
aq + /S 


[s- alog (1 s)] 


Therefore. F'(S) - 

Also from equation (3.2), 


(3.10) 

(3.11) 


G(S) = J 


aq + /J 


dq 


A 

2 « «2 


s + 




a 


log + 



(3.12) 


So, 


G'(S) 


(aS + P) 


(3.13) 


Substituting values of F(S), F'(S). G(S) and G'(S) from equations 
(3.10), (3.11), (3.12) and (3.13) respectively in equation (3.4) and simplifying 
this gives. 


A + 




^1 (P - C) 

^ s 


l(aS+i3)log (1 +|S) -S 



(3.14) 


If we take ^ = 0, then equation (3.14) reduces to 
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(3.15) 


which gives 


S* 


('2Aa\ 


1/2 



\ / 


(3.16) 


This is the classical EOQ formula with uniform demand rate. 
Equation (3.14) is a transcedentai equation which can be solved by 
Newton-Raphson method. The solution of equation (3.14) which satisfies 
Z"(S) < 0 gives the optimum value of S. 


Case (iii) : r(q) = 

For this value of r, using equations (3.2) and (3.3), we obtain 




^ and (3.16) 

(3.17) 

Differentiating equations (3.16) and (3.17) with respect to S. we get 


G(S) = - ^ S - ~ e“'^S + — 


F'(S) 



(3.18) 


and G'(S) = |e"'^ 


(3.19) 


Putting these values of F(S), G(S), F'(S) and G'(S) from equations 
(3.16), (3.17), (3.18) and (3.19) respectively in condition (3.4) for optimality, 
this gives. 


A + — L (1 -(iS 


e-/^S) _ (p _ c) 


S + 


(1 - e^S) 


T 


(3.20) 


which is a transcedentai equation and can be solved using Newton-Raphson 
method. This solution of equation (3.20) satisfying Z" < 0 gives the optimal 
value of S. 
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Case (iv) : r(q) = ae~‘ ^ 

With this vaiue of r, expressions for F(S), F'(S), G(S) and G (S) 
are as foiiows; 

F'(S) = ^^S (3.22) 

= (3.^3, 


and G'(S) = |e/^3 (3.24) 

Substituting these values of F(S), F (S), G(S) and G (S) in equation 
(3.4) for optimality of S, we obtain, 


A ^ ^ . (p _ C) [S - . 0 

The solution S of transcedentai equation (3.25), which 
Z "(S) < 0 gives the optimum value. 

Case (v) : r(q) = aq~^ 

Using this value equations (3.2) and (3.3) imply, 

J ci + /f 


F(S) = 


a(1 +li) 


and G(S) = 


1 


^2 


a(2+/<) 

Differentiating above equations (3.26) and (3.27), we have, 


(3.25) 


satifies 


(3.26) 

(3.27) 


F'(S) = I (3.28) 

S 1 

and G'(S) = — ^ (3.29) 

Optimal condition (3.4) using equations (3.26), (3.27), (3.28) and (3.29) 
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reduces to 


A - 


S 

(1 +/ 3 ) 


(P - C)ii + 


C,S^ 

«(2+/i) 


= 0 


( 3 . 30 ) 


Which is a non-iinear equation and can be soived for S by New- 
ton-Raphson method, it can be shown that Z" < 0 for this value of S. 
Thus, solution of equation (3.30) gives the optimum value of S. 


DISCUSSION 

Here EOQ models are derived in which production of items in the 
system is instantaneous and shortages do not occur. Profit maximization 
criteria is employed to yield the maximum profit per unit time of the system. 
Some functional forms of demand rate are taken in order to formulate the 
model. 


In some cases, when conditions on demand rate are used, the 
model reduces to the corresponding already established inventory model for 
that demand rate. The model presented here can be further extended for 
finite rate of replenishment and (or) allowing shortages. 



CHAPTER -4 


INVENTORY MODEL WITH STOCK DEPENDENT 
DEMAND RATE AND CONSTANT RATE OF 
DETERIORATION 

INTRODUCTION 

The effect of deterioration is very important in many inventory system. 
Deterioration is defined as decay, damage or spoilage such that the item 
cannot be used for its original purpose. Food items, drugs, photographic 
films, pharmaceuticals and radioactive substances are examples of items in 

which sufficient deterioration can take place during the normal storage period 

of units and consequently this loss must be taken into account while 

analysing the system. 

Inventory models for perishable or deteriorating items subject to 
exogeneous demands have been studied by various authors. Efforts in 
analysing mathematical models of inventory in which a constant or variable 
proportion of the on hand inventory deteriorates with time have been 
undertaken by Ghare and Schrader [41], Goyal and Aggarwal [47], Covert 

and Philip [16], Shah [94], Misra [67] to name a few. 

This chapter deals with inventory model with instantaneous stock 

replenishment, demand rate depending upon current stock-level and, a constant 
fraction 6 of on hand inventory also deteriorates with time. Profit maximization 
technique is employed to yield the optimal solution. The functional relationships 
of demand rate are assumed to discuss the EOQ model. 

THE EOQ MODEL 

If q is the inventory level at time t, 6 is the rate of deterioration 
and r(q) is the stock dependent demand rate then differential equation 

The matter of this chapter has been published in Acta Ciencia Indica, 

Vol. No. 4M, 420 (1995). 
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governing the system is given as 
^ + 0q = - r(q) 


or f=-(«q + r) (“D 

Integrating the above expression, using the conditions q = S at 
t = 0 and q = 0 at t = T, the length T of each cycle is given by 


S 




eq + 


= F(S) 


(4.2) 


where S is the highest stock level, if be the unit holding cost per unit 
time then the total holding cost during time T is given by C^G(S). 


S 

where G(S) = / dq 
0 ^ 


(4.3) 


Now the total profit per unit time during time T is 
p(S - eST) - jA + CS + C^G(S)[ 


Z(S) = 


F(S) 


(4.4) 


Here A is the set up cost for each cycle, p is the unit selling 
price of the item and C is the unit cost price of the item. The optimum 
value of S for maximum total profit per unit time is a solution of 
Z'(S) = 0 for which Z"(S) < 0. Thus for optimum value of S, expression 
(4.4) provides. 


F(S) [pjl -0F(S)} 


C - C^G'(S)] 


F'(S) 


(p - C)S - A - C^G(S) 


(4.5) 


where prime denotes derivative with respect to S. Equation (4.5) is in general 
a non-linear equation which can be solved numerically by Newton-Raphson 
method if the explicit form of r(q) is known. The optimum cycle length is 
F(S*) where S* is the optimum value of S. 
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ANALYSIS 

EOQ model has been established for the following functional 

(i) r(q) = a + /^q 

(ii) r(q) = ^ 

(lii) r(q) = a + /3q + yq^ 

where a, ji and 7 are non-negative constants. 

Case (i) : r(q) = a + 

Substituting this value of r in equation (4.2), we get 


S 

F(S) = / 




0 


oc + (P + 0)q 

a + (P + B)S 


■log 


a 


0 + 6 ) 

From equation (4.3), we have. 


= / a+'ipl e)q 

S 

" 0 + 9) ~ a + 0+ e)q] 

_ 1 

~ 0 + 6 ) 

Differentiating equation (4.6) and (4.7) with respect to S, 


0 + 6) 


log 


a + 0 + 6)S 

a 


F'(S) 


1 

a + 0 + 6)S 


and 


^ a + 0 + 6)S 

Putting these values of F{S). G(S), F'(S) and G'(S) 


relations 


(4.6) 


(4.7) 
we get, 
(4.8) 

(4.9) 
in optimal 


condition (4.5) and simplifying the resulting expression, we get 
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A-(C^ -O3 + 0)(p-c; 


ja + 03 + e)Sj log + . (^^ - ± M|_ 0 +e)S 


(f^ + oy 


pe 


r \cc + (P + 0 ) 31 ' 

lOgi L 


a 


= 0 


(4.10) 


iP + ey 

If we take 0 = 0 i.e., there be no deterioration expression (4.10) 
reduces to the expression obtained by Mandal and Phaujdar [72]. 

Equation (4.10) is a transcedental equation which can be solved 
numerically by Newton Raphson method. It can be shown that 
Z"(S) < 0 for this value of S. Thus the solution of equation (4.10) is 
optimal value of S. 


Case (ii) : r(q) = 


a 


have 


Putting this value of r in equations (4.2) and (4.3) respectively, v'e 


F(S) = / 


qdq 

0q^ + a 


20 


log 


0S^ + a 


and G(S) = 1^ = J 

0 0 q + a 0 


(4.11) 


0q^ + a 


dq 


= J[S-Vf,an-’V1'S] 


(4.12) 


Differentiating equations (4.11) and (4.12) with respect to S, we get 
S 


F(S) 


0S^ + a 


(4.13) 


and G'(S) = 


0S^ + a 


(4.14) 
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Now substituting these values of F(S), G(S), F'(S) and G (S) in 
equation (4.5) and simplifying the resulting expression, we have 


A + 


S-V^tan V^S--logl — 5 


- ^ [^ 203 ^ 


- (03^ + a)log )] 


p(BS^ 4- a) 
AdS 


log 


29S 


es + g 

a 


iZ 


= 0 


(4.15) 


Equation (4.15) is a transcedental equation which can be solved 
numerically by Newton Raphson method, if this solution satisfies 
Z"(3) < 0 then the solution is a optimum value of 3. 

Case (iii) r(q) = a + /3q + yq^ 

3ubstituting the value of r in equation (4.2) we get, 


F(S) = J 




0 a + (fi + d)q + yq" 


= ^icg 


where N^ = [ (yS + 0)^ - 4ay] > 0 
Therefore 

4y 


'23'/ + ({i + e)-H 

'0 + 6f) + N' 

23y + (/f + 61) + N 

(P + 6) -H 


(4.16) 


F(S) 


[{2Sy + ((i + 8}\ -N2] 

Also from equation (4.3), we have 


(4.17) 


G(S) = / 


qdq 


0 a + (P + e)q + yq‘^ 


So G'(3) = 


1 

2y 

a -hf/} 4-0)S “H 

a 


'2Sy +(y3+(9)-N’' 
2Sy +(P+0)+H 

1 1 

z z 

4- 1 


{P^e)+ 2yS 


2(P+e) 


2y + [a + (p + 6f)S + y3^] [{2yS + {p + 6)^ - N^j 



(4.18) 

(4.19) 


Now substituting the values of F(S), F'(S). G(3) and G'(S) from 
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equations (4.16), (4.17), (4.18) and (4.19) respectively in equation (4.5) and 
simplifying the resulting expression, we get 

2Sy 

4- fj) - N 

2Sy 

(y3 + 0) + N 


A + — log 
2 '/ ^ 


g + (/3 + ^)S + yS 


4yN 


log 


L' 


1 + 


(p-C)[|(^+0)+2yS} -N^]- 


C^[(fi+e)+2yS][\(P+e) 


+2'/Sl 


-N^] 


2y[<::i4-(y3-f-6^)S~f-7S ] 

+ 2C^(j3 + e )=0 ( 4 . 20 ) 


In particular if y = 0, the above expression (4.20) reduces to equation 

(4.10) of case (i), and if also 0 = 0, then this reduces to that derived by 

Mandal and Phaujdar [72]. 

Equation (4.20) is a transcedental equation which can be solved by 
Newton Raphson method. The solution S = S* of equation (4.20) such that 
Z"(S*) < 0, gives the optimal value of S. 

DISCUSSION 


In this chapter an EOQ model is derived in which production occurs 
instantaneously and items in inventory deteriorate at a constant rate. Some 
functional relationships existing between the demand rate and current stock 
level are considered to establish the inventory model, it is also shown that 
on restricting the conditions on demand rates the above model reduces to 
that given by Mandal and Phaujdar [72]. 

This EOQ model can further be generalised by taking some more 
suitable dependence of stock quantity on demand rate. 



CHAPTER -5 


AN ORDER-LEVEL INVENTORY MODEL FOR 
DETERIORATING ITEMS WITH FINITE RATE OF 
REPLENISHMENT 


INTRODUCTION 

Shah and Jaiswal [91] developed an order-level inventory model for 
the items with constant rate of deterioration. But they made a wrong 
assumption regarding the inventory holding cost. Actually the authors have 
considered the inventory level of the system exactly linear in the prescribed 
interval which is incorrect. Aggarwal, S.P. [1] developed an order-level 
inventory model of rectifying the error in the analysis of Shah and Jaiswal 
[91] in calculating the average inventory holding cost in the model. Then 

after an order-level inventory system with power demand was formulated by 

Goel and Aggarwal [47]. In all these inventory model production is instan- 
taneous. Misra [67] developed a deterministic model with finite rate of 
replenishment and without shortages. He considered both constant and variable 
rates of deterioration. 

Mitali Roy Chowdhury and K.S. Chowdhuri [19] derived an order- 

level inventory model for constantly deteriorating items and finite rate of 
replenishment. There are some mistakes in their calculation of the value of 
time t.| at which the production stops and attains highest level S and 

therefore the average inventory holding cost is also incorrect. 

In this chapter an order-level inventory model with constant rate of 
deterioration and finite rate of replenishment, taking shortages into account 

A paper on the work of this chapter has been communicated for 


publication in ‘Opsearch’. 
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is presented by modifying the errors occured in the analysis of Mitali Roy 
Chowdhury and K.S. Chaudhuri [19]. Both the deterministic as well as 

probabilistic models are discussed. 

THE MODEL 

A deterministic order-level model for deteriorating item with finite rate 
of replenishment is developed under following assumptions - 

(i) The demand rate is r. 

(ii) The lead time is zero. 

(iii) T is the fixed duration of each production cycle. 

(iv) The production rate k is finite and k > r. 

(v) Shortages are allowed and backlogged. 

(vi) A constant fraction d of the on hand inventory deteriorates per 
unit time. 

The amount of stock is zero at t = 0. Production starts at t = 0 

and stops at t = t.i attaining a level S. During (t.|, tg) the inventory level 

gradually decreases mainly to meet up demands and partly for deterioration. 

By this process the stock reaches zero level at t = t^. Now shortages occur 

and accumulate to the level P at t = t . Production starts again at t = t. 

o o 

and backlog is cleared at t = T. The cycle then repeats itself after time T. 

A graphical representation of the production cycle is shown on the adjacent 

page. 

ANALYSIS 

DETERMINISTIC DEMAND CASE 

Let q(t) denotes the inventory level of the syatem at time t 
(0 < t < T), then the differential equations describing the instantaneous states 
of q(t) in the interval (0, T) are 
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^ q(t) + e q(t) = k - r , 
|^q(t)+0q(t) = -r. 

|q(t) 

|q(t) -k-'. 

Solutions to these are 

q(.) - V (’ - ■ 

= (S + i)e-*«-V-i 
= qtj - 1) . 

= (k-r)(t-t3)-P, 
From equation (5.5), using 
o “ I" /i \ 


0 < t < t. 


ti < t < t^ 


t^ < t < ta 


ta < t < T 


0 < t < t. 


t^ < t < ta 


ta < t < ta 


ta < t < T 


q(t^) = S, we have 


or 



S6> 
k - 


7 ) 


1 SO 

or = -elog(l-— ) 

_ r (9^S^ 

or 0t, = ■; + r + r + . . . 

^ L'^ “ 2(k - v f 3(k - r)^ 

From equation (5.6) using q(t 2 ) = 0, we have 

0 = (S + 5) - 5 

or - V = (1 + f ) 

or ^ 2 -^ = ^'09 0 +t) 


(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 


(5.9) 

(5.10) 


(5.11) 
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or 


9S 


9^S^ 


2r^ 3r^ 

S _ ^ 9^S^ _ 

r 2r^ 3r^ 

Also from equation (5.10), 


( 5 , 12 ) 




, = t, +l|og (1+7 
ta=-^'09 (l-^)+Jlog (i+f 

= ^iog L-7“-^] 0+f) 


= ^log 
= Jlog 
= ^log [ 


k - r \ ( r + gS "! 

k - r - 0S ) ^ I r ) 


kr - r^ - 6)Sr + keS 


kr - r^ - 6)Sr 


1 + 


ekS 1 

- r - eS)J 


r(k 


1 , r. ^kS 1 


as 


0 < 0 << 1 


(5.13) 


From equations (5.7) and (5.8) using q(t 2 ) = P and q(T) = 0 respec- 
tively, we get 


S(t3 - t^) = P 

(5.14) 

(k - r) (T - tg) = P 

(5.15) 

Now the total number of units in inventory 





dt 
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k - r 


-et 


t + 


“ ^ 5) [® “ 9 (^2 ^1’ 


r 


^[a^.e-,-i]-(|.^)[e-^VV-l]-I(t,-V) 


k - r 


^ “ ~6” 


+ 


1 + ^) [-»('2-',)+Y''2-'i>' 


-fi<'2-',> + 


k - r 


rs^ O'^S'" 


rs'^ 


2(k - rf 2(k - rf 6(k - r)" 


+ . 


^ (t - t (t - t )^ + ” (t ”” t ; 
2 ^ 2 2 ^ 2 6 ^ 2 V ’ 


■] -Jl‘2-'l) 

-S(t2-1,) 

0 < ^ << 1 


I 6S^ 

+ S 

's e^] 

es 

fs^l 

2(k - rf 3(k - rf 

I’’ 21 ^ j 

1 2 



( c2 ( c3\ 




,3 

V / 




S'" 6 IS'" 9S^ S^ eS-" 


+ — 


+ 


- 0 3(k - rf I" 2r^ 2i^ 2r 21^ 61^ 


s^ , s^ es^' es^ 


_|, 


2 (k - r) 2 r 3 (^ 1 ^ _ ^2 


= S^k _ eS^k(k - 2 r) 

2 r(k - r) 3 r 2 (k _ r )2 

Also the total number of deteriorated items during (0, T) is 
D = [ (k - r)t, - S] + [S - r(t 2 - 1 ,)] 


(5.16) 


= (k - r)t^ - r(t 2 - t^) 
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= (k - r) 


1 

CM 

CO 

CD 

CO 

— . r 

's 

1 

CM 

1 

f- 

1 

1 

__ 1 

CM 

1 


2 


k - r r 


kes^ 


, from equations (5.10) 
and (5.12) respectively. 


2r(k - r) 

And total number of units responsible for shortages are, 


(5.17) 


3 I 

t„ t, L 


)-P 


dt 


(tg-v' 


+ 


(k-r) 


(t - 


- P t 


i - l/ + (T - t/ - P(T - tj) 


p2 p2 




2r 2(k - r) (k - r) 


r k-r 


using equations (5.14) and (5.15). 


P^k 


2r(k - r) 

Here negative sign indicates shortages. 
Therefore total average cost of the system 


C,S^k C,6^S^k(k - 2r) C,P^k Pkflq2 
K(S. P) = r-.- - . • ' + -i - + ^ 


(5.18) 


(5.19) 


2r(k - r)T 3 ^ 2 ^^ _ rfj 2r(k - r)T 2r(k - r)T 

Where C., is inventory holding cost per unit per unit time, is shortage 

cost per unit per unit time and C the cost of each unit. 

Since S and P are dependent variables, hence necessary condition 
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for K to be minimum is 


dS ^ ’ dS dP dS 


(5,20) 


Substituting values of and tg from equations (5.13) and (5.15) 
respectively in equation (5.14), we have 


or 


or 


or 


or 


or 


T - 


Pk 


Sk 


+ 


k - r r(k - r) 2t^{k - rf 
Sk 


= P 


0 < 6 << 1 


= rT 


+ 


6>S^k^ 


r(k - r) r(k - r) 2r^(k - r)^ 


P _ rCk - r)T , ^ eS^k 


(5.21 ; 


k '' ' 2r(k - r) 

Differentiating equation (5.21) with respect to S, this gives, 

^ = _^Sk 22) 

dS r(k - r) 

Using equations (5.19) and (5.22) in optimal condition (5.20), we get 


C.(k - 2r)6iS^ 

C.S - 1 : + C6S 

1 r(k - r) 


+ 0 / 


esk 


r(k - r) 


- 1 


= 0 


CJk-2r)0S^ 

c.s-- - ' ■ ■ , — +ces 

1 '■(k-r) 


+ C, 


Tr(k-r) es\ 

k 2r(k-r) 


6)Sk 


r(k - r) 


C,(k - 2r)6iS^ 

C.S - -^-r ^ — + COS 

1 r(k - r) 


+ a 


esT + s - 

k 2r(k - r) 


(k-2r)6) g ^ Zkd ^ 


r(k-r) 1 2r(k-r) 2 


S^-r 


’C^+C^+(1+T6^)a 


s+ifciE c. = 


(5.23) 


This equation is a quadratic equation in S and its solution gives 


optimum value S* of S if -^K(S*) > 0. 


dS" 
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Numerical Example ; 

An item is produced at a rate of 250 per year and the demand 
occurs at a rate of 100 per year. If the cost of each item is Rs. 0.20, 
holding cost is Rs. 0.30 per unit per year, shortage cost is Rs. 1.50 and 
the rate of deterioration is 0.01 per year, determine the optimal quantities. 

Here = Rs. 0.30 per unit per year 
C 2 = Rs. 1 .50 per unit per year 

C = Rs. 0.20 per unit 
0 = 0.01 units per year 
k = 250 units per year 
r = 1 00 units per year 

Substituting these values in equation (5.23), we get 

2.88750 - 3.02833 x 10"^ S + 6.75 x 10^ = 0 

which is a quadratic equation in S and has both the roots real 
and positive. Only one root S = 50.1 is admissible as other root does not 
satisfy the condition for minimum cost. 

So S = 50.1 is the optimum order level. 

Using equation (5.21), we have P = 9.7 

From equation (5.9) and (5.15), 

t.i = 0.33 year and T - t^ = 0.06 

Finally, from equation (5.19) minimum cost 

K(S, P) = Rs. 7.49 per year. 

PROBABILISTIC DEMAND CASE 

Let f(x) be the probability density function for demand x which is 
a random variable during scheduling period T (0 < x < «>) and is uniform. 



Also at the beginning of each period the initial stock status 
Case I -When shortages do not occur. 

Let q^(t) be the inventory level at any time t (0 < t 

system and x is the demand during the fixed interval T then 

rate is ^ during the period. 


The differential equations governing the system are 

and ^q^(t) + eq^(t).-i, t, < t < T 

Solution to which using conditions 
q^(0) = 0 , q^(t^) = S , q^(T) = 0 are given by 


k-- 

'lx® ” -7^ {' - «■'") ■ 


0 < t < t. 


S + -2L\ Q-f'd - 1 ) _ iL 


t. < t < T 


As shortages do not occur, we have 


q (T) > 0, which using equation (5.27) gives 


(S^T + X) e 


-e(T-t ) 


d > X 


or X < 


SOT 


= S* 


Therefore the expected average inventory is 


I 

= f / %i^) dt, 
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is zero. 

< T) of the 
the demand 

(5.24) 

(5.25) 

(5.26) 

(5.27) 


(5.28) 


X < S' 
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1 

where = - ^log (1 - . x ^ S 


and expected average shortage during this period is 


G^(x)=0 


Also the expected number of deteriorated items is 
D^(x) = kt^ - X - q^(t) 


(5.29) 


(5.30) 


(5.31) 


(5.32) 


Case II : When shortages occur 

In this situation, the system is the same as that of the deterministic 
model except that the demand x is a random variable with probability 
density function f(x) during the scheduling period T. Therefore solutions are 

obtained, replacing r by ^ equations (5.5), (5.6), (5.7) and (5.8). 


k - x/T / 

= — 9 — (^ " ® ) ’ 0 < t < t 

= f(l2-t,). < t S t 

= (k-i)(t-t3,-P, t3<l<T 

Since shortages occur, we have 

qj^(T) < 0 which gives using equation (5.36) 


1 - t3/T 


(5.33) 

(5.34) 

(5.35) 

(5.36) 


or 


x > kT 


(5.37) 
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Therefore the expected average inventory is 

t. 


H,(x) = 4 / dt, 


'2'-'^ j J 
0 


X > P* 




eS^k/k-^'i 1 

1 



\ I / 

T 


CM 

X 

CO 

/ir 


^l^Tj r j) 


(*' ~ t) _ 


X > P* (5.38) 


and the expected average shortages during the period, 


G2(x) = j 


where 6 



P^k 1 

[ffl 

1 

\ 


1 + 


esk 


X /, x^ 


X > P* (5.39) 


(5.40) 


P = f(^3-t2) 


and (k - -j (T - y = a (Negative constant) 


(5.41) 

(5.42) 


Finally the expected number of items which deteriorate during the 
fixed interval is 


D,(x)=[(k-i)t,-S] + [S-f(.,-t,)] 

kes^ 


Therefore, the expected total cost of the system is 


(5.43) 



S'" 00 


00 

K(S, P) = 

/ H^(x) f(x) dx + / HgCx) f(x) dx 
0 P* 

+ ^2 

/ G 2 (x) f(x) dx 
P* 
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S* 

/ D^(x) f(x) dx 
0 


+ 


/ D 2 (x) f(x) dx 

p* 


(5.44) 


From equations (5.41) and (5.42) eliminating t^, a relation between 
P and S is obtained. Using this relation and condition (5.20) for optimality 
of S, optimum value of S can be obtained as in case of deterministic 
model. 


DISCUSSION 

An order level inventory model for deteriotating items has beer 
studied. Here production occurs at a constant rate k, items consume at 6 
rate r (k > r) and shortages are allowed for a fixed time period, whicf 
are completely, backlogged. The model is derived for both the cases o 
demand, i.e. deterministic as well as probabilistic. 

The above model can be further generalized for variable rate c 
deterioration of items. Demand rate can also be taken in some othe 


functional form. 



Chapter— 6 


INVENTORY MODELS WITH VARIABLE DEMAND 
INTRODUCTION 

We have seen that classical EOQ model [55, 75] does not have 

involvement of stock level q or time t on demand rate. So many authors 
have produced in past, several inventory models, taking the dependence of 
stock level or time on demand rate. Mandal and Phaujdar [72, 73], Gupta 
and Vrat [50] considered the stock dependent demand rate in their EOQ 
models. Silver and Meal [90] developed an approximate solution procedure 
for the general case of a deterministic, time-varying demand pattern. The 
classical no-shortage inventory problem for a linear trend in demand over 
a finite time-horizon was analytically solved by Donaldson [23]. Silver [95] 
derived a heuristic for the special case of a positive, linear trend in demand 
and applied it to the problem of Donaldson to cut short his complicated 
computational procedure. Ritchie [85] obtained an exact solution, having the 
simplicity of the EOQ formula, for Donaldson problem for linear, increasing 
demand. Deb and Chaudhari [30] studied the inventory replenishment policy 
for items having a deterministic demand pattern with a linear trend and 

shortages. They developed a heuristic to determine the decision rule and 
sizes of replenishments over a finite time horizon to keep total costs 
minimum. Further this work was extended by Murdeshwar [71]. 

In all the above inventory models, demand is either function of stock 
level or time. But in some cases demand may depend on both stock-level 
as well as time. For example, products showing a seasonal trend. 

The present chapter deals with those inventory models which take 
care of demand rate on stock level and time both. Replenishment is 

A paper on the work of this chapter has been communicated in 

Opsearch. 
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instantaneous and shortages are not permitted. 

ANALYSIS 

In the first section profit maximization technique is used to estimate 
total average profit per unit time, while in the second section cost minimization 
technique is applied to determine minimum average cost per unit time of 
the system respectively. 

SECTION -1 

PROFIT MAXIMIZATION CRITERIA 

The EOQ model has been derived for the following functionals of 
demand rate and all the assumptions are same as in the inventory model 
of third chapter. 


(i) r(q) = te‘-'^ 


(ii) r(q) = 


a + tic\ 
a + jiX 


Case (i) : Let r(q) = te“‘^ 


where a, ji are constants and q is the stock 
level at any time t. 

, then 


dt “ 


(6.1) 


Now considering q(0) = S and q(T) = 0, the length T of each cycle 
is calculated using equation (6.1) as, 

T S 


/tdt=-/^ 


0 e 


or 


- / S - s k'i 


or 


or 


T = aO 






T = F(S) Say. 


( 6 . 2 ) 
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or 


Differentiating expression (6.2) with respect to S, we get, 
O ^ e-'S 

^ " V2 Vl -e-"S' 

Also from (6.1), on integrating we have, 

-«q ^2 

- = - — + B, B is constant of integration 

Applying q(0) = S 



(6.3) 


(6.4) 


So equation (6.4) reduces to 
e«q = + 


q = ^og 


(6-5) 


Hence total amount of inventory during the cycle (0, T) is 
T 

G(S) = / qdt 

0 


h f 'og 


+ e-“S 

V 


dt 


/ 


tlog 




V 


-/ 

a J 


Ht 

TJ rdt 


= --log 


^ + e-“S 
2 


^ 2^-„S ^ 


+ I / dt - - e 


/ 


dt 


a ^ a 

0 0 




= -Jlog 


'hi?, 3- 
\ ^ 




/ 


dt 


,V2 - 
+ 17:76 


0 ^ ^ 
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i 


■log 


\ / 


2T 2V2 ^-1 { TV^ . 

« a Va \^'/2 Ve 


( 6 . 6 ) 


Substituting the value of T from equation (6.2) in above equation 
(6.6), this reduces to, 


G(S) 


2V2 


a Va 

2 V 2 
a Va V 




2^2 




tan 


-1 


Vi -e-‘''^\ 


a Va y 

V - 1 - tan"'' (V e“^ - 1 ) 




(6.7) 


Also, differentiating equation (6.7) with respect to S, we get, 

G'(S) = / (6.8) 

Va Ve ^ 

Finally for the total profit to be maximum, optimal condition (3.4) of 
chapter (3.3), using values of F(S), F'{S), G(S) and G’(S) from equations 
(6.2), (6.3), (6.7) and (6.8) respectively, implies, 

V2 V e"® - 1 


Va Ve“^ 


V^ 


(p - C) - ^ ■'' - 7 =V tan ^ ( V e“® - 1 ) 
V^ Ve^ ^ 


2V2 


V^Ve"^ Ve ^ 


(P-C)S-A-^^--7J^( Ve“^"^ -tan“ Ve"S"^ ) 
«vV vVs^ 


or 2 (e"^ - 1)(p - C) - Q tar, 1 Ve“^ - 1 


a (p - C)S - « A - ^ ^ - tan-’ V?^ ) 


2^ 0, 


or « A + (p-C)(2e"^- aS- 2) + -7=^— 7 

Va V 




Ve"^-1 -e"^tan ^ Ve'^^-l 


=0 


(6.9) 


And the condition for total average cost to be minimum is given 
by taking p = 0 in above expression, 
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a A - C(2 aS- 2) + Ve“^-1 -e“®tan ^ Ve“^-l' =0 


^aS 


( 6 . 10 ) 

The transcedental equations (6.9) and (6.10) can be solved by using 
some suitable numerical method to get optimal value S of ordered quantity. 
The total profit (cost) wili be maximum (minimum) if 

Z"(S) < 0, ( > 0), for that value of S obtained from equation (6.9) 
and (6.10) respectively, where Z(S) is as given by equation (3.1) of chapter 


Case (ii) : Let r(q) = — 


7+^t 


_ (£±ig 

dt 1 7 + /3t 


T 0 


^ [log ('/ + ^t)| = ^ [log (a + /3q) 


, 0 , ^ ., 0 , ^ 


T = F(S) = ^S 


( 6 . 12 ) 


Differentiating above equation (6.12) with respect to S, we get, 


F'(S) = ^ 


(6.13) 


Also from equation (6.11), we have, 


J y -f. 


(6.14) 



or ^ log {a + j3q) = - ^ log (y + ^t) + ^ log B 
where ^logB is a constant of integration. 
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or log (a + /Jq) (y + ;3t) = log B 
or (a + ^q) (y + /3t) = B 

Since, initially at t = 0, q = S, we get, 


B = y (a + (iS) 


Putting this value of B, in equation (6.14), this implies, 
(a + (iq) (y + ^t) =y (a + (^S) 


or 


pq = 


y (a + jSS) 
y +/3t 


a 


/j (y$ — at) 
7 + /3t 


or 


q = 


/ yS - at \ 

Iz+aJ 


Hence the total amount of inventory during the cycle (0, 
system is given by. 


T 

G(S) = J q dt 
0 



T 

I 

0 


yS 

y+fiX 


dt 


a 


y+fiX 


dt 




dt 


(6.15) 
T) in the 
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= ^iog -$T + 2^log 


T 




. = ^(S + ^)iog(l+fT)-fT (6.16) 

Expression (6.16), on putting value of T from (6.12) reduces to, 
G(S) = ^ (S 4- log (l + ^S) - (6.17) 

Also, differentiating equation (6.17) with respect to S, we get 


G’(S) = ^!og (1 +^) 


(6.18) 


Substituting values of F(S), F'(S), G(S) and G'(S) from equations 
(6.12), (6.13), (6.17) and (6.18) respectively in condition (3.4) of chapter (3.3) 
for total profit to be maximum, this gives. 


a 


(p - C) - ^ log (1 + § S) 


Z 

a 


(p - C)S- A-^C, (s + ^) log (l +1 S) + C, 


or C,^log(n-§S) +A-C,f .0 


or A + C ^7 


a log (l S) -^S 




(6.19) 


Equation (6.19) is a transcedental equation and its solution can be 
obtained by Newton-Raphson method. The solution S* of equation (6.19) 
which satisfy Z''(S*) < 0, gives the optimum value of S, where Z(S) is 
given by equation (3.1) of chapter (3.3). 

Expression (6.19) can also be written as 
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a Y 

p 2 '^1 


A + ^C 


'§_S _ ^ ^ 

. " 2a^ 3 




or A + « y C^ 


1 i3S^ 


2 2 
a 


3 a“ 


= 0 


( 6 . 20 ) 


In particular if ^ = 0, equation (6.20) reduces to, 


y C, 

A__-J — = 0 
2 a 


or S = V^ (6.21) 

CiV 

This value of S is the same as obtained in classical EOQ model 
[55] and does not depend on cost price C and selling price p of unit 
item. 

SECTION -2 

COST MINIMIZATION CRITERIA 

In this section, some more bi-variable demand rates have been 

considered. Cost minimization criteria is applied to derive the total average 

cost per unit time of the system. Functional forms of demand rate are, 

(iii) r(q) - a + (iq + dt 

(iv) r(q) = a + + ye' 

(v) r(q) = a + /3q¥, a, /j, y, d and X are some constants. 

Case I : Let demand rate is r(q) = a -t- /3q^ + dt' (6.22) 

Since the total average cost per unit time 

A CC. 

K = rC-h^r-H^q 

Supplying value of r from equation (6.22), we have. 
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or 


CC 

K(q, t) = C(a + ySq''' + <3t:^) + ^ (a + /3q" + q 

M ^ 


2^ + ,3Aq>'-'+^*5^ 

q ^ 

Differentiating partially w.r.t. q, we get 


= aC + /3Cq’' + 6Ct^ + ^ + /3Aq>’ " '' + ^ ^ 


OK 


= l3rCq' ^-^ + P^(y-^)q 


,r - 2) 


Adt'- CC^ 


+ 


q^ q“ 

Differentiating once again w.r.t. q partially, we get 




= C/3'/(y - 1 )q''’ + ^ + A/3(7 - 1 )(v - 2)q ^ + 


2A<3t'- 


0q‘ q“ 

Differentiating equation (6.23) partially w.r.t. t, this gives 


dt q 


Further differntiating equation (6.26) w.r.t. t, this gives 


dh 

dt^ 


= CA (A - 1)(3f'' ^ + A-A(A - 1)^*- 


- 2 


Differentiating equation (6.24) partially w.r.t. t, we get 


:, 2 , 


K AAdt^' 


- 1 


Oq rJt q2 

For K (q, t) to be minimum, the necessary condition, 




/ p \ 


( 0 \ 





dS Ot 

/ 


> 0 


[Cli-Ar - I )q" ^ + A (y - 1 )(•/ - 2) q>' ^ 

[oiAa - 1, + 


X 


.\2 


\ ^ / 


(6.23) 


(6.24) 


(6.25) 


(6.26) 


(6.27) 


(6.28) 


(6.29) 
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or C^i36A(A - 1 ) y (y - 1 ) q' ^ + 2AC^ (A - 1 ) + ACpdX(A - 1 ) x 

q 

dh 

(y - 1 )(y - 2)q>' " 3 + 2AC (A - 1 ) + /\3C<3A(A - 1 )y(y - 1 )q' 

q 


- 3 


or 


A t S 

+ 2a^A(A - 1) + A^/Sd»A(A - 1)(y - 1)(A - 2)q” “ 

q 




q q 

~ 4 


( 6 . 30 ) 


f^d^X - 1)(7 - 1)q'' jyCV + (7 - 2)ACq 4- ACvq + A'^(y - 2)| 

2 

+ 2Aa — ^ ^ (Cq + A) H — |2C(A — 1)q + 2A(A — 1) — AAlt"' > 0 


(6.31) 


or /3(A - 1)(y - 1)q” jyCV + 2(y - 1 jCqA + A‘^iy - 2)J + 2Aa(A - 1)(Cq + A) 

+ t^A(3|2C(A - 1)q + A(A - 2)|. > 0 (6.32) 

Total average cost K will be minimum if — - > 0 at values 

or 

q = q* and t = t* given by optimality condition (6.32) provided 
a, /j, (3, y > 0 and y > 2. 

Case II. Let r = « + + ye\ so that total average cost per unit time 


K(q, t) = C(a + /3e'’ + ye*) + ^ (a + /Je^ + ye*) + 


CC^q 


(6.33) 


Differentiating equation (6.33) partially w.r.t. q, we get 


•Ik' A CC 

— = /JCe"* + ^ (q/3e'^ - a - /Je"^ - ye*) + -~ 


(6.34) 


Differentiating once again with respect to q, partially, we have, 



66 


= /?Ce'’ + iSq^e'’ - 2q(fiqe^ - a- - ye^)l 

dq^ q ^ 

= /SCe*^ + -^(ySq^e'’ - 2 / 3 q^e'' + ^qe*^ + 2 yqe* + 2 aq) 


(6.35) 


Differentiating once equation (6.33) w.f.t. t partially, 


^ = yCe' + ^e‘ = y (C + ^)e* 

at q ' \ ql 


(6.36) 


= y (c + -)e' 
at^ ^ 


and 


Also 


K _ ^ot 

— — ^ Q 


aq at q- 

Now total cost to be minimum, necessary condition is, 


(6.37) 

(6.38) 


^Ce'^ + ~ (iSq^e’’ - ^q^e'’ + 2 pqe’^ + 2 yqe' + 2 aq) 

q 


X 


,(C.^)e* 


aV 2, 

> — ^e*^ 

q 


or Q (Cq^ + Aq^ - 2 Aq + 2 A)/ 3 e‘’ + 2 A( 2 ye* + a)Jj(Cq + A)j] > A^ye^ ( 6 . 39 ) 

d^K 

Total cost will be minimum if — - > 0 at values q = q* and 
t = t* obtained from equation ( 6 . 39 ). 

Case III. Let demand rate be of the form, t = a + y 3 q¥, ^ ^ 0 

Total cost can be given by 


CC^q 


K(q. t) = C(a + / 3 q¥) + ^ (« + ) 3 q¥) + ^ 


(6.40) 


Differentiating equation ( 6 . 40 ) partially w.r.t. q, successively twice, 




( 6 . 41 ) 
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and ^ ^ 

dq^ q 


(6.42) 


Differentiating equation (6.40) w.r.t. t partiaily twice, we get, 


at 


= + 2A^qt 


(6.43) 


a^K 


^ = 2/3Cq^ + 2A^q 

ar 


(6.44) 


also 


a^K 

aq at 


= 4y3Cqt + 2A/3t 


(6.45) 


Now for total cost to be minimum, the necessary condition is. 


\ 


(Cq + A)q - jSt^ (2Cq + A)^ > 0 


or ^ + 3y3C2q¥ - A/jCt^q - /3 a¥ > 0 

q q^ 


or 3/3c¥q'* + A/SaV + A^iStV - ACaq - a¥ < 0 


(6.46) 


., a^K 


Also K(q, t) will be minimum if — - > 0 at values q and t 

at^ 


obtained from equation (6.46). 

CONCLUDING REMARKS 

In the EOQ model considered in this chapter, demand rate depends 
on stock-level and time both -a more realistic situation. In classical EOQ 
model in fixed demand with no shortages allowed, results do not depend 
on unit cost and selling price of the item, while it may depend on item 
for variable demand. 

Some more functional forms of demand rate can be chosen suitably 
in order to extend the above EOQ model. 



CHAPTER-7 


INVENTORY MODEL WITH EXPONENTIAL DEMAND 
AND CONSTANT DETERIORATION WITH SHORTAGES 

INTRODUCTION 

Inventory problems involving time-variable demand patterns have 
recieved the attention of several researchers in recent years. Among them 
Silver and Meal [90], Donaldson [23], Ritchie [85] are v^^orth mentioning. 
Mitra [68] presented a simple procedure for adjusting the economic order 
quantiity model for the cases for increasing or decreasing linear trend in 
demand. Dave and Patel [26] developed an inventory model with time 
proportional demand. This model was extended by Sachan [98] to cover 
backlogging option. Datta and Pal * [32] derived an optimal replacement 
policy by taking demand rate in power pattern form and variable rate of 
deterioration. Goswami and Chaudhuri [48] developed an EOQ model for 
deteriorating item with shortages and linear trend in demand. 

In the first section of present chapter an inventory model is derived 
in which demand varies exponentially as time and a constant fraction of 
on hand inventory deteriorates with time. Shortages also run for a fixed 
time interval. No deterioration case is also discussed and it is shown that 
when there be no deterioration, inventory model for deteriorating items reduces 
to the case of non-deteriorating item. The model is also discussed for 
probabilistic demand in both the cases. In the second section, an EOQ 
model with exponential demand for deteriorating items is developed to 
determine reorder points, shortage intervals over a finite time horiizon so 
as to keep the total cost to a minimum. 

The part of this chapter has been recommended for publication in 
Indian Journal of Mathematics. 
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DEVELOPMENT OF THE MODEL 
SECTION -1 

DETERIORATION CASE FOR DETERMINISTIC DEMAND 


EOQ model is derived under the assumption that replenishment size 
is constant and replenishment rate is infinite during the time length T of 
each production cycle. Lead time is zero, shortages are allowed and fully 


de 


.t/T 


backlogged. Demand rate is at any time t and units deteriorate 

( 6 — 1)1 


at a constant rate 9 (say). 


Let Q be the total amount of inventory produced or purchased at 
the beginning of each period and after satisfying back orders, let us assume 
the level of inventory as S ( >0). Let d be the demand during period T. 
Inventory level gradually diminishes during the period (0, t^), t.| < T, due 


to the demand and deterioration of the items and ultimately falls to zero 
at time t = t.|. Shortages occur then during the period (t.|, T) which are 

completely backlogged. 

If q(t) be the on hand inventory then differential equations governing 
the production cycle are, 

0 < t < t^ (7.1) 

t^ < t < T (7.2) 

Solution of equation (7.1) follows as, 

q(t) - / e^''^ e^ dt + B, where e^ is integrating factor. 

(6 I ) I 




and 


A r,n\ - d t/T 

dt^^*^ (e-1)T 


d (1 + 67) t/T . 3 

(e-1)(l+eT) 


Since at t = 0, q = S, we get 
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or 


S = 


B = S + 


(e- 1)(1 +9T) 
d 


+ B 


(e - 1)(1 + 6IT) 

Putting value of B above, we obtain, 


q(t) 


A e-'"'' 


e*"USe-^ 


(e-1)(1+0T) (e-1)(1+eT) 

Solution of differential equation (7.2) using condition 

q(t^) = 0 is given by 


q(t) = 




(e- 1) 

Since at t = t.|, q = 0, equation (3) implies, 
^(1 + 0T)t^/T _ I 


(e-1)(l+0T) 

Hence deteriorated amount 


(7.3) 


(7.4) 


(7.5) 




(e-1) 
d 


(e-l)(i +eT) 






(e-1) 


Total average number of units in inventory during (0, t.|). 


t 

0 


i 

T 


_d — 


(7.6) 


(e-1)(1+0T) (e-1)(1+(9T) 


e‘/USe-^ 


dt 


e(e - 1)(1 + 6»T) 


e*/"^ - - P“^, 

(e-1)(1+6>T) ^ 


. d . dT S 

0(e - 1)(1 + 9T) (e - 1)(1 + 0T) 0 
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Using equation (7.5) and simplifying above reduces to, 


o 

"" (e- 1)(1 +(9T)T 


5^-^-TeVUT 


(7.7) 


Also average number of units in shortages during (t^, T) 


.. . 1 r d f-t /T „t/Tl 

:('i) = T J J 


e'/T dt 


2Te*/^ - t,e^^'^ - el] 


(e-1)Tl 1 


(7.8) 


Finally average total cost per unit time is given by 


K(ti) 


dC. 


(e - 1)T(1 + dJ) 


(1t9T)./T ,,, 

5 3 T e 1 + T 


dC. 


(e- 1)T 


{oJeV^ - t eV^ - eTl + — — 

L 1 J (e-l)T(1+0T) 




dC 


(e- 1)T 


[e'/7-,] 


(7.9) 


where C is the cost of each unit and C^, C 2 are holding and shortage 
cost per unit per unit time respectively. 


Condition for which to be monimum is, 




This gives. 


dC. 


(e - 1)T(1 + f^T) 


0 + p(1 + «T) t /T _ t /T _ 1 t /T 

0T ’ ® T ® 


dC. 


(e-1)T 


[eV7-^eV7] + 


dC 


(e - 1)1" 


3(1^gT)t/T__._. dC WT^O 

(e - 1 )T 2 
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(7.10) 


which is a transcedental equation in and can be solved using any 

iterative method to get t^ = t* as a solution. The total cost will be minimum 

2 

at t, = t* if ^-7 >0 at t = t* 

1 1 dt^ ^ ^ 

DETERIORATION CASE FOR PROBABILISTIC DEMAND 
In this case, it is assumed that the demand during the period (0, 
T) is a random variable with probability density function f(x) (0 < x < ») 

and demand rate is 7-— 

(e- 1) 

Case I ; When no shortages occur. 

Let q.,)((t) be inventory level of the system at any time t 

(0 < t < T), then differential equation which would describe the system is, 

~ q„(t) + eq„(t) = - 0 < t < T (7,11) 

and its solution is. 
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V < S(e-1)0 +gT)e 
- (e - e-»T> 


~ej 


or 


S(e-1)(1 +OT) 
^ — •« 1 


(e’+^"-l) 


(7,13) 


The average number of items carried in inventory per unit time, 


Hi(x) = I i" X < 


(e- 1)T(1 +i9T) 




e e 


s — sT 4- T 


(e-1)(1 +eT) 

Average number of items deteriorated per unit time, 


(7.14) 


D,(X) = 1 [S - X - q,^(T)] 


= fs - X - 

T L (e - 1 


■ e + — 


e-Se-«T] 


(e-l)(l+OT) (e-l)(l+eT) 

- f [®(' - + (e ' -lll ' t - OT ) - ■<] 

= S0 + 7 — ^:9r-^(e-e-"')-^: x < S, (7.15) 


(e- 1)(1 +0T)^® ® ^ ^ T’ X < 


Average shortage 
G,(x) = 0 


(7.16) 


Case li : When shortages occur. 

Let in this case system carries inventory during the period (0, t.|) 
and shortages occur for the remaining period (t.|, T) of the cycle. If 
q 2 ^(t) be inventory level at any time t, then differential equations governing 
the system would be 


dt (e - i)T ® ’ 


0 < t < t. 


(7.17) 
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X t/T 

(e-1)T® ' 


< t < T 


(7.18) 


Solutions to which are, 


q,v(t) = 


(e - 1)(1 + 0T) 


pt/T g 0 < t < t 

(e - 1)(1 +61) ^ ° - S 


^ (e^/T _ e*' ■^) , t^ < t < T 


(e- 1) 


(7.20) 


Since shortages occur, we must have. 


< 0 


X > S.|, where S^ is given by equation (7.13). 
Again, q 2 x(ti) = O’ ^^is gives. 


xe 


(e-l)(l+6iT) (e-l)(1+eT) 


X , fv .-w 

. 2.^. + S e 1=0 


(e- 1)(1 +61) 


^sg- 


T . ^ r. S(e - 1)(1 +6*1) 
'i = (TTify'°9 — 


The average number of items carried in inventory per unit time. 


H (X) = 1 / q2^(t) dt , X > S^ 


- j J ^2 k 
0 


X 6 1 . $X . Tfn^ 1 \ 

(e-1)(1+S)T[~<® ’-’)-T(e. -1) 


(7.22) 


Average amount of inventory that deteriorate per unit time, 
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and average storages per unit time, 


^2^^^ T (: 


•; (e- 1 ) 




]d., 


X > S, 




(7.24) 


(e-1)T 

Finally expected total cost of the system per unit time becomes, 


s s 

1 00 

K(t^, S) = C / D^(X) f(x) dx + C / D 2 (x) f(x) dx + / H^(x) f(x) dx 

os 0 


+ C, / H^cx) f(x) dx-C^f G^(x) f(x) dx - / G^Cx) f(x) dx (7.25) 

SOS 


Now substituting the value of D^(x), D 2 (x), H^(x), H^fx), G.|(x) and 
G 2 (x) from equations (7.15), (7.23), (7.14), (7.22), (7.16) and (7.24) respectively 
in cost equation (7.25), we have, 


p (® . yCp — Xn 

K(.,, S).f ; + + 


(e- 1)(1 +0T)T 


C r ^d^ _x — 1)J f(x)dx 


T f [^- 

S(e - Dd +t>T) 

(e - lj 


(e-1) 


S(e - 1)(1 + OT) 

Ci (®’ ^ - 1) 

+ T- — J x f(x) dx 


(e - 1)(1 + OT) 


0 


. (e-1)(1+OT)T, 


J 


$(e - 1)(1 -h^T) *- 

- 1) 


- I) -T(e'/'' - 1) 


f(x) dx 


(e 


/ X [2 + eV^ - t^eV^ - ell ffx) dx 
.(e- 1)(1 +<#T) ^ 




(7.26) 
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If the probabiity density function f(x) is known then from equation 
(7.21) and above equation (7,26), the expected total cost per unit time K(S) 
of the system can be evaluated. The necessary condition for which to be 
minimum is 


dS 


K(S) = 0 


(7.27) 


The solution S = S* of equation (7.27) will be optimum value of S 


if 


dS" 


K{S) >0 at S = S*. 


NON DETERIORATION CASE FOR DETERMINISTIC DEMAND 
in deriving EOQ mode! here, all the assumptions and conditions are 
same as in deterministic model of this chapter except that deterioration does 
not take place. 

Therefore, differential equations describing the system are 
d 


dt 


q(t) 


d 


0 < t < t. 


'' - , t, s t < T 


and 


Solutions of which follow as, 


qO) 


(1 - e* ' ’'') + S 


(e - 1) 


and q(t) = ^ ~ 

Since q(t^) = 0, this gives from equation (7.30), 


^ (eV^-l) 


(e-1) 

Total number of units in inventory 


(7.28) 


(7.29) 


(7.30) 

(7.31) 


(7.32) 


/ q(t) df 
0 
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-i- ft, e', " - T e’, '" + f 

(e - 1 ) M 


. using equations (7.30) and (7.32) 


(7.33) 


and total number of units running in shortages, 


= / q(.t) dt = -4^ [2T eS-'T - eS' " - el] 


(7.34) 


Hence total average cost of the system per unit time is given by, 


C *1 C T 

K(t^) = 4 j q{t)dt J q(t)dt 


/. -t . T T _t /T , A /T . .t - T .-r 

(e“:r)T[^®’ (2Te, - t^ e i - eT 


(7.35) 


For this total cost K(t ) to be minimum, necessary condition is, 


dt 


K(t.|) = 0 which implies, 


(e - 1)T^ 


(C,+C3)t,-CJ 


eVT = o 


or t. 


^ 'l 


C,-FC, 


(7.36) 


This value t^ is optimal value of time t as 


dt? 


Kft.,) > 0 at t^ 




Ci+C^ 


T. 


Therefore, t* = 


( C2 ^ 


C,4-C, 


T and other optimal quantities are, 


Q* = (e*?'^ - 1) and Q* = d 

(e - 1) ' 

Again equation (7.10) can be rewritten as, 
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OT (« + i) ' 


(1 +eT)e^-fiT-l|C^- (T-^)C2 + i(e^ - 1)C 


or 




\ 


T-^ 


C 2 + - 1)C = 0 


neglecting higher order terms of as 0 < 0 < 1. 

In particular if 6) = 0, above expression reduces to, 


f t. 


-t,- 


C2 = 0 


or t^ = 


^2 ' 


C1 + C2 


T, which is same as given by equation (7.36) 


This shows that when there be no deterioration, the inventory model 
for deteriorating items reduces to that for non-deteriorating items. 


NON DETERIORIORATION FOR PROBABILISTIC DEMAND 
Here EOQ model is derived with same assumptions and condition 

as in case of probabilistic model for deteriorating items of this chapter 
except that the deterioration does not occur. 

In no shortage case differential equation describing the system is, 

and its solution becomes. 

Also in this case, 
q^^ (T) > 0, which gives, 

X < S (7.39) 

where S is given by equation (7.32). 
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Average number of items in inventory per unit time 
1 r 

H^(x) = T J q„ (t) dt 
0 


(e ~ 1) 


(7.40) 


and average shortage per unit time 
G,{x) = 0 

Now when shortages occur, differential equations for the system are 
similar to equations (7.28) and (7.29) and their solutions are 


= + 0 < t < t^ 


(7.41) 


and q 2 ,(t) = (eS - e'""). t^ < t < T 


(7.42) 


Since shortages occur 


q^^lT) < 0 which gives, 


X > S, 


Also qjxf^i) = 0 equation (7.42), this gives. 




t 'T ^ S (e - 1 ' 
or e t = 1 + — ^ 


or = T log 


1 + 


S(e - 1) 


(7.43) 


The average number of items in the system per unit time 


HgCx) = f J q2x(‘) 



80 


(e - 1 ) T 


t,e*i - TeS + f 


X > S 


(7.44) 


And average shortage per unit time 


Q^{y) = ^ j 

t 


( e - 1 1 T 


2Te^ ^ -t^e*i^^- eT 


(7.45) 


Therefore expected total cost of the system per unit time 


Kit^, S) 


CJ Se.Ti^e-V) 


/ xf(x)dx + — f x[t,eS' '-Te^ '^+T 


' t ^ T 

e ‘ 1 

Se/T (e - 1)L 


C^T 


f X 2te‘/'''^ - t.|e*i''''' - eT f(x) 

T r ^ 4 '.V ^ 


dx 


f(x) dx 


(7.46) 


S e T (e - 1 ) 

If the probability density function f(x) is known explicitly, then using 
equation (7.43) in equation (7.46) total expected cost K(S) can be estimated. 
For which to be minimum, condition is 


dS 


K(S) = 0 


(7.47) 


The solution S = S* of equation (7.47) will be optimal if 


dS' 


K(S) > 0 at S = S*. 


SECTION -2 

AN INVENTORY REPLENISHMENT POLICY 
(Different Approah) 

In this section an inventory replenishment policy over a fixed planning 
period H for a deteriotating item with constant rate 0 with an exponential 

trend in demand, i.e. r(q) = ae^* , «, ace constants with shortages is 


considered. 
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The total time horizon H has been devided into n equal parts of 

H 

length T so that T = “ . The recorder times over the time horizon H will 


be jT (j = 0, 1, 2 n -1). Initial and final inventories are both zero. 

Let the period for which there is no shortage in each interval 
[jT. (i + T)T} is a fraction of scheduling period T and is equal to 

RT (0 < R < 1). Shortages occur at times (R + j)T (j = 0, 1 n-2) 

where jT < (R + j) T < (j + 1 ) T, j = 0, 1, 2 n-2. Last replenishment 

occurs at time (n-l)T and shortages are not allowed in the last period 

[(n-1)T, H). Our purpose is to derive the optimal reorder and shortage 
points and hence to determine the optimal values of n and R, which 
minimize the total cost over the time horizon [0, H]. The order quantity at 
each order point is the amount needed to satisfy the demand required for 
the relevant period excluding the shortage period and the amount required 

to account for the deterioration in the no shortage part of the said period. 

Thus if Q. units are ordered at time (j - 1 )T, then 


(R ^ j - 1)T 

Q. =a J e^« + '^^‘dt 


!j - IT 


(R+j-l)T 


(« + 1 ^} 


(6 + ji) L 


^0 T (f ) 


'] 




1 


o(«+/f)(j-1)T L(«+/f)RT 


(a +/?) 


T |^e(«+/f)RT_.,‘ 


for 1 = 1, 2, . . . , (n-1) 


(7.48) 


Since shortages are not allowed in the last period, so for j-n 


should be calculated separately, and 
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H 


Q = a J 

n 

(n-ViT 


a 


ev V.-] 


+ _ je+(i)in-r)i'\ 


(4.49) 


(0 + f3), L 

Let Qj be the number of units required in [jT, (j + 1 )T] (j = 1 , 2, . 
. , (n - 1)), when there is no deterioration, then 

(,R+j-1)T 

I 

^i'iR + j - 1)T _ - 1)Tj 


Q. = <: / e’* dt 


a 




- 1 


i = 1. 2. . . . , (n-1) 


(7.50) 


and Q„ = J dt 

n 

(n-"1)T 


a 


_ g,'^{n - 1 ) T 


(7.51) 


Hence number of deteriorated items in the cycle [jT, (R + j)T] j = 0, 
1, . . . , (n-T), can be given by 


D. = Q. - Q. 

J 1 I 


{a + /j) 


+,4)(j - 1)T g(e + /^)T_ 




- ijT f 




le(^ + /S)RT_,}_^|e^RT_i| 


for 1 = 1, 2, 


. (n-1) 


and similarly 


D = Q - 

n n n 


a 


id+(i) 


^Q(S+li)H _ g(8+/3)(n- 1)Tj _ « pH _ g(i(n - 1)Tj 


(7.52) 
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H 


{B +- H) ^i 


1 (S+(i) 

The inventory holding cost over the period [jT, (J + 1)T] j = 0, 1, 
(n-1), is given by C^R. where R. is 

sR*)- 1 )T 


(7.53) 


R, 


J [t - ( j - 1)T]e<‘^+'^^^dt 

(j-l)T 


0 + ii) * 


(R + j - 1)T 

(0 •+ :i) t] 


(0 + lif 


RT 


R, = 


\{B + li) 


(j - 1 )T 


j _1 gtr* + (^)f R + j - 1 ) T _j_ 1 g(y + ji) (j - 1)T 

(6 + jif 


id 4- p) 


,2 


|(6I ■hp)RT - 1] ’ 

i = l, 2 (n-1) 


(7.54) 


and R =« J a - fn - 1) e^^* 

{n-l!T'‘ ’ 


H 


(R + P) 


t - ( n - 1 )T I + i{)t _ ^ 




{e + pfj 

(n-1)T 


H - (n - 1 ) T _ 1 pit'+zijH i 


+ ft)in - 1 ) T' 


(8+ (if 


(8 + (i) (0 + pf 

|(H-(n-1)T(^^ + /:^)-1|e^"^^^" + e' 


(B+pf 

(8 +P)H , J8 +/i)(n - 1)T 


(7.55) 


Since there are n production runs, total set up cost is nA. 


If S. be the numbers of units in shortages, in [(R+j-1)T, jT], then 
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and 


il 


f (jT - t) e^' dt 


( R 4* j — 1 ) T 


jT 




lR+j~1)T 


6'“''’ + - 1) T - 1 ; 


+ j - 1 )T 






ip'(R - 1)T - ’^^ + 1 


(7.56) 


j = 1, 2, . . . , (n-1) 

Therefore the total cost K over the horizon H is given by 


K = nA + C. y R + C T D. + C.R + CD + C„ T S. (7.57) 

1-^i ^ l 1n n 2-^1 ' ' 

j=1 j=1 j=1 


nA + -^^^ -■mj-1)T 


(B + (i) j = i 


j(t) +/ti)RT - 1| + 1 


+ ar V 

j = i 


e^j - i)T 

Ib+W 




C^a 


{8 + jjf 


~~~2 Ll^'^ - n - 1 T) (0 + j3) - 1 1 ^ ^ + e^'^ 


+ Cxr-f 


(d + (j ? j {B + /i) ? j 


+ % "E e^'"[|y3(R-1)T-11e^(f'-^>Ul] 
p i=i 


(7.58) 


It is obvious that above costs function K (n, R) is bi-variate in R 
n, one continuous and other discrete respectively. 


For a given value of n, the necessary condition for K to be minimum 
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DISCUSSION 

An EOQ model is suggested here in which demand depends on 

time in exponential manner and units in inventory deteriorate at a constant 
rate. Shortages are existing for a prescribed time period. Deterministic and 
probabilistic, both the models are established. The model is also worked 

out for non-deteriorating items in both the cases of demand. Total minimum 
cost and expected total cost per unit time for the system have been 

derived. It is shown that if deterioration does not affect the items in the 

inventory, then the model developed in the first case reduce to the model 
for non-deteriorating items derived later. 

In second section an EOQ model is derived with different exponential 
demand rate for deteriorating items with shortages to determine reorder 
points, interval between two successive reorders and shortage inten/als over 
a finite time horizon. 

These inventory models can be further extended for variable deteriora- 
tion and (or) finite rate of replenishment. 



CHAPTER -8 


AN EOQ MODEL WITH EXPONENTIAL DEMAND AND 
SHORTAGES FOR VARIABLE DETERIORATING ITEMS 

INTRODUCTION 

In formulating inventory models, two facets of the problem have been 
of growing interest. One being the deterioration of items and the other 
variation in the demand rate. Among researchers considering inventory models 
in deteriorating items, Shah and Jaiswal [91] considered the rate of 
deterioration to be uniform, Covert and Philip [16] produced an EOQ model 
for items with variable rate of deterioration. Misra [67] used a two parameter 
Weibuil distribution to fit the deterioration rate. 

The present chapter deals with the generalisation of EOQ model with 
exponential demand for constantly deteriorating items derived in previous 
chapter. In the EOQ model presented here, demand rate is taken in 
exponential form and a special form of Weibuil density function is chosen 
in order to make the problem mathematically tractable. Deterministic as well 
as probabilistic cases of demands are considered allowing shortages. 

DERIVATION OF THE MODEL 
DETERMINISTIC DEMAND CASE 

It is assumed that replenishment size is constant and production is 
instantaneous during the prescribed time period T of each cycle. Lead time 
is zero, shortages are permitted and completely accumulated. Demand rate 

is ^ — = e^'"^ at any time t. A variable fraction 0(t) of the on hand 

(e - 1)T 

inventory deteriorates per unit time and is of the form 0 = 6^ t, where 
is a constant with the condition 0 < < 1. t > 0. 
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Let Q be the quantity produced or purchased at the beginning of 
each production cycle and after satisfying back orders, let an amount S 
remains as a initial inventory. Let d be the demand during the time period 
T. Inventory level gradually reduces and finally becomes zero at 
t = t.i < T, then shortages occur during (t.|, T) and are fully backlogged. 


If q(t) be the current stock level at any time t, their differential 
equations which the on hand inventory q{t) must satisfy in two different 
parts of the cycle time T are as following : 




5 = 


0 < t < t. 


t.| < t < T 


(8.1) 

(8.2) 


Solution to differntial equation (8.1) follows as 


q(t ) e 


n 2 


(e- 1)T 


J dt + B, 


2 

where ^ is integrating factor and B is constant of integration. 




(e - 1 ) 

neglecting higher order terms of as 0 < 0 < 1 

= _ e‘"'^ + J {T e*'"'' - 2T / t e*' dt|] + B 

^ I’t ^ + Y T t^ e'^^ - e‘''^ + + B 


(e - 1)T 
d 


|t2-0pTt + 1 + 0pT2 


e*'"^ + B 


(e-1) 

Since at t = 0, q = S, we get 

Putting value of B above, solution of differential equation (8.1) becomes, 


90 


I qit)dt 


t 


cl C,,! 

ce-l.c"- + + < + 


t 


-ej t + 1 + ffj^) T e* ^ + 0 


}] 


d f t , T 

■ ' ■ •• * i 0 *' 

i;e "Hi. 


^ t3 ^ \ 


t, + 1 + T e’, " + ^ - (1 + T - 


, |0 

(e'-TH'- ''■H^-eoTt2+(1 +2s/)t^-T(1 +26^12)1+1(1 +26^1^^ 


L 


Number of units running in shortages 


( 8 . 8 ) 


J q(t)dt 


. fteS T - Te^ 
I e - 1 ) L 


I 

1 


^ (2TeS'^-t^e*,'''^-eT) 


(e - 1) 

Finally average total cost per unit time is given by 


(8.9) 


rn C, ' a T 

K(t,) = ^ + -:^ J q(t) dt - Y J q(t.) dt 


(8.10) 


where C is the cost of each item, C.| and are holding and shortage 
costs per unit per unit time respectively. 
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Substituting the values from equations (8.6), (8.8) and (8.9) cost 
equation (8.10) reduces to, 




+ T ' 

(G- 1 i T , 


fi 


3” ” V ^ - T(1 + 2B^J^)\+ T( 1 +20qT^) 


dC, 


( 8 . 11 ) 


Now the total cost will be minimum if 


dt. 


Kit,) = 0. which gives. 


dC 


i^^e' 


t T 


(e 


V,T I tS/.'X-T, 


4- 


d C, r e'. " Vi 


f ® T- - Vf + <' + '1 - ■fC + 2V"l [ 


+ e>i ^ ; vf - ^''oT t, + 1+ 29J^l] - ^ [2e','"' - e'r- ^ - ) e', '^] = 0 


or 


or 


or 


dC , ““C, 

T" 


(6” 


■1)T^ 2 1 |e-1)T^ 


¥-1 


t.T "'‘^2 


e 1 


t . T 


{e-l)T‘ 


(T -t^)e‘, =0 


d ! 

(e - 


'|c,t^|ct? + (C^+C,)t,-TC, 


-5c^t^ + fCt; + (C,+C2)t,-TC3 = 0 


( 8 . 12 ) 


311 2 

Equation (8.12) is a cubic equation in t^ and can be solved by 
Carbon's method to get one positive real root t^ = t^. The total cost 
K(t.|) will be minimum provided 


dt? 


> 0 at t^ = t’, which is verified. 
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Therefore minimum average cost is K(t’) and other optimunn 


are 


S* 


(e - 1 ) 



' 1 

" 

e‘. ^ 

1 

\ 1 

- (T + 



r 

e*‘ 

^1 

-^-Tt; + T2 

-t2 

in particular if B 

= 0, 

i.e. there be 

no 


condition (8. 1 2) implies, 
f = ^ - i T 

and other optimal quantities reduce to, 

{eVT_;) 

{ 0 - 1)1 1 

and Q* = d 

Expressions (8,15), (8.16) and (8.17) are the same 
models for non-deteriorating items, derived in seventh chapter- 

PROBABILISTIC DEMAND CASE 


(8.13) 

(8.14) 
optimal 

(8.15) 


by 


( 8 . 16 ) 

(8.17) 

EOQ 


Let demand during the period (0, T) be a random 


variabi® 


X with 


probability density function f(x) (0 < x < d) and demand follo'^® 
pattern with demand rate 


eXP® 


nential 


e'' Two cases exist 


(e- 1)T 

Case 1 : When shortage does not occur. 

Let q,^(t) be inventory level of the system at any 
system can be described mathematically as. 




time 


t, then 


(8.18) 


With solution 
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+ 


(e-1) 


(1 + 


2n1 

y 0 


( 8 . 19 ) 


S is the expected stock in hand in the beginning after satisfying 


where 
the back orders. 

Since there is no shortage, we have 

q,,(T) > 0 


or 


or 


r 


B„T^i 


X e 


+ 

L 

1) 





- 

=)1 

CD 

IV 

X 

1 + 

2(e- 1) 


(e-1) 


(1 + ^qT ) 


> 0 


or S s 


2e 


or X < 


pQT2(e - 2) + 2(e - 1)j 
= (say) 


(8.20) 


1 + 


V (® " 


The average number of items 


carried in inventory per unit time 


Hi(x) 


= ijqjt)dt. x<S^ 


-Ie0j^ + 1 


3 0 


(e - 1) 

The average 
D^(x) = i j^S - X - q,^(T 


( 8 . 21 ) 


number of items deteriorated per unit time 

1 


Vr 


(e - 1) 


( 8 . 22 ) 



and the average shortage per unit time 


S4 


G,(x) = 0 (8,23) 

Case II : When shortages occur. 

In this case, differential equations describing the system are similar 
to equations (8.1) and (8.2) when d is replaced by x with their solutions 
as 




_ et/T 


(e-l) 


V 2 




xe-V^2 


0 <t < t. 


(8.24) 


and q 2 ^(t) = (e‘,''^ - e*^^) ; t^ < t < T 


(8.25) 


Since shortage occur, we must have 


< 0 

or X > S,| 

where value of is given by expression (8.20). Also at ^ ^ ’ '^2x 

which gives. 


X t /T 

- e 1 


' 2 


or e*/^ 


(e-1) 






= ^^^^ + 0 +e/) 


Taking log on both the sides, we have 


Y + iog 1 + 0 ^ 




_ iQg |Sie_!l + (1 + « j2^ 
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or 


+ + as, ««i 


or 


'Vi , fi 


+ l- - 0,T t, + - log 1 + 


.2 . S(e-1) 


(8.26) 


2 IT 0 

which is a quadratic equation in t^ and can be solved to get one positive 


root of t, 


Now average 


number of items in inventory carried per unit time, 


t 

H2(X) = f / q2x(‘) 

0 


(e-1) 


,t/T|fo^_0 j t^+(i +20^1^) t^-T(1 4-20 qT^)|+T(1 +20qT^) 


Average number of units deteriorating per unit time 


□^(x) = T 


f e‘/"dt 


(e-1)T 0 




Also average shortage per unit time 


(8.27) 


(8.28) 


GaCx) = Y ^ 


2Te' 


VT_t VT_gT 


(8.29) 


(e- 1)T 

Therefore expected total cost per unit time of the system 
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S 

? 00 

K(t,. S) = C [ J D^(x) f(x) dx + / D^(x) f(x) dx] + 

0 3 

1 

S 

1 oo 

C, [ / H,(x)f(x)dx+ / H 2 (x)f(x)dxl 

1 

s 

1 X 

“ ^2 [ / Gi(x) f(x) dx + / G 2 (x) f(x) dx] (8.30) 

0 s 

1 

where C is cost of unit item and C^, are holding and shortage costs 

per unit per unit time respectively. 

Substituting values of D^(x), D^Cx), H^(x), H^Cx), G^(x) and G 2 (x) 
and using value of t^ obtained from equation (8.26) in equation (8.30), the 

total expected cost K(S) can be evaluated if probability density function f(x) 
is known. 

The necessary condition for the total cost to be minimum is 
^K(S) = 0 (8.31) 

The total cost will be minimum is 

— 5 K(Sj >0 at S = S* obtained from equation (8.31). 
dS^ 

It can be verified that if we take 8 -* 0, i.e. there be no deterioration, 
all the expressions of this model reduce to the corresponding expressions 
of probabilistic demand model without deterioration derived in chapter seven. 

DISCUSSION 

In EOQ model presented in this chapter demand is a exponential 
function of time t and deterioration is variable, i.e. 8 = 8^t, where 8^ is a 

constant with 0<£i<1, t > 0. Production rate is infinite during the cycle 
period T and shortages are incarporated. The model is also discussed in 
case of probabilistic demand. Total average cost and total expected cost 
respectively have been obtained. 

The above inventory model can further be generalized by taking finite 
rate of replenishments. 



CHAPTER -9 


(T, Si) POLICY INVENTORY MODEL FOR VARIABLE 
RATE OF DETERIORATION WITH LINEAR TREND IN 

DEMAND RATE 


INTRODUCTION 

One of the important problems confronting decision makers in modern 
organisation is to control and maintain inventories of deteriorating items, 
which is attacked by developing mathematical models of inventory dealing 
with deteriorating items under different circumstances. The term “deterioration" 
is well explained in chapter 4 and is now well evident in many inventory 

system and therefore impact of deterioration cannot be neglected. It were 

Ghare and Sehrader [41] who first developed an EOQ models for items 

with constant rate of deterioration, immediately thereafter followed by Emmons 
[38] with a similar exposition for the decay of radioactive nuclear generator. 
This work was extended by Covert and Philip [16] and Philip [81] by 

developing EOQ models for items with variable rate of deterioration. A further 
generalisation to all there is provided by Shah [94] by allowing shortages 
and considering general deterioration function. In all these models time is 

treated as a continuous variable. Dave [24, 25] produced inventory models 

considering time as a descrete variable. 

Dave and Patel [24] presented a (T, S.) policy inventory model for 

time proportional demand and in which items of inventory deteriorate at a 

constant rate. The above model was further extended by Sachan [98] by 
allowing shortages which are fully backlogged. 

In the first section of this chapter, a (T, Sj) inventory model is 
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reconsidered for the situation of fixed cycle time with increasing (or decreasing) 
levels of order quantities and demand rate linearly changing with time. The 
model is formulated for variable rate of deterioration without shortages when 
planning horizon is finite and known and replenishment periods and assumed 
to be equal. 

In the second section of this chapter, model is also discussed by 
permitting shortages. Finally it is shown that, if no deterioration occurs, the 
model developed is related to the corresponding model for non-deteriorating 
items as given by Naddor [75]. 

THE MODEL 
SECTION -1 

CASE WITHOUT SHORTAGES 

The mathematical model of the (T, S^) policy inventory system is 
developed under following assumptions : 

(i) The system operates only for a prescribed period which is H units 

of time long. 

(ii) During the period H there exists a total demand for d quantity units. 

(iii) The demand rate r(t) is a linear function of time t, i.e. 

rft) = at, 0 < t < T (9 f) 

H ,_|2 

Then d = / r(t) dt = — , implies 

0 

r(t) = 0 < t < T (9-2) 

H^ 

(iv) Let T. be the total time that elapses upto and including the ith cycle, 

i = 1, 2, . . . m, where m is the number of replenishments to be made 

during H. Also T^ = 0 and T^ = H. The scheduling period is T, i.e., 

T - T =T for all i = 1, 2, . . . m. Then clearly 

i i-1 
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Time Horizon (t) 


Graphical representation of (T, S^) Policy Inventory Model without Shortages! 
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T = 


H 

m 


(9.3) 


and 



' m 


i = 1. 2 m 


(9.4) 


(v) Replenishment is instantaneous and lead time is zero. At the interval 

of every T time units, a variable quantity is ordered, so that the 
inventory level at the beginning of the ith cycle is equal to the order 
level Sj , i = 1 , 2 m. Since the cycle time is constant, we have 

> S. (or < S.) when the demand is increasing (or decreasing). 

(vi) Shortages are not allowed. 

(vii) The unit cost C, the inventory holding cost per unit per unit 

time, is the shortage cost per unit per unit time and the replenish- 
ment cost Cg per order are known and constant during the period 

under consideration. 

(viii) A variable fraction ^(t) of the on hand inventory deteriorates per time 
unit with no repair or replacement. The functional form of deterioration 
is, as below 

0(t) = 6^t, where 6^ is a constant and 0 < < 1 . 

Figure on the left page shows the production cycle of the (T, S.) 

model. 

Let q.(t) denote the number of units in inventory at any time t 

during ith cycle; T._., < t < T., i= 1, 2, .... m. Then differential equation 

governing the ith cycle of the system is 


dt 


2d 


T,-, s t < T, 


(9.5) 


Solution to which is given as. 
q,(t) eV'"2 = - ^ / + «- 

where eV^'"^ is the integrating factor and a is constant of integration. 
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or 


2d j ^/2 


Since q^iTi-^O, above expression gives, 


2ci Hf’ 2 
0 


Tiierefore solution to differential equation (9.5) becomes, 


2d 

qftf = — 2 
H H"- 


IB 


T,_, < t < T, 1=1,2, 
Also at t = T._^, order-level is S., so 

c _ 

0 

The total demand during ith cycle is 
T 


" 


] 

exp 

— fl 

•2-T2 ) -1 

1 l-V 


/ '■(t)dt = ^ 

T n 


t‘ 


m 


(9.6) 


(9.7) 


H" 




m 


Tf - Tf_, 




[i2-(i-1)2] 


m" 


;(2i-1) 


(9-8) 


Hence number of deteriorated units during the ith cycle. 


D. = S. -“ (2i-1) 
' ' m^ 
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__2d_ 


expj|(Tf-Tf_,!^-l 


m 


(2i-1) 


i = 1, 2, 


m 


2d 


ffl. 


6^ 

2 ijZ _jZ \ + A j'j2 _ j2 
2 I I 1-1) 8 t 1-1 




m 


H‘ 


(T^ - ) +• -^ (T'* - 2J^T^ ,+'^2 

■I ! - 1 ■ 4^1 ! I - 1 I - 1 ' 


m 


(2i-1) 




l£(2i-1) + ^{i^-2i2(i-1)2 + i4 
4m^ ' 


m‘ 


(2i-1) 


-^(21-1)2 

4m 


(9.9) 


Hence during H, total number of deteriorated items 


m 


D(m) = ^ D. 
i=i 


m 

-V 51 D. 

4m i=i 


de^H 

4m'’ 


2 r 


2ml!Iilli2E±Jl_2m(m+1) + 


m 


d8H^ 

-5— (2m2- 1) 
6m'^ 


( 9 . 10 ) 


Again number of units in inventory during ith cycle, 


!(= / qi(t)dt 
T 




exp 


^(Tf-t^) -1 


dt 
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2d r 
t' 


_L. ^ /'T^ _ +2\2 

2 ' ' 


n + f (Tf-t^)^ 


dt 


T r 


.1 J 
h2 / 


(if - 1^) + -f (t:^ - 2t¥ + 

i 4 ' • 


dt 


H" 




3+4 Fi'-i"’ +1 




2t3_j2t +Ii^] +V 

3 > ' 3 j 4 ^ 


At5 _ T^T + -T^T® - 

15 i 'i' i-1 3 i i-1 5 


^3 

m 


|i3_i2(i_i)+(i 




I 3 


4m" 




dH 

3m^ 


eji 


[(3i - 1) + (20i^ - 15i + 3)] 


dH 

3nn^ 


2 


° - 1^-3 


m 




2 \ 
- 1 


4m 


i + 


2 

° - 1 


I 


20 


(9.11) 


Therefore total number of units in inventory during the time H, 


!(m) = X 'i 

i=i 


dH 

3m^ 


^0^^ 2 

S I - 3 

m 




- 1 


4m'= 


2 i + 




V 


20m'' 


2 1 


dH 

3m^ 


dJH^ 


i = 1, 2 .... m. 

I a u2 \ 


6m' 


(2m^ + 3m +1) - - 




- 1 




4m^ 


(m + 1) + 




20m 


/ J 


dH 

3m^ 


(1 , ^0^^^ 


7 

CM 

X 

o 

5+ 3 ) 

8m " 

120 

m^J 


( 9 . 12 ) 
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Finally the total average cost per time unit of the system for period 
H is given by 


c c 

K(mt = ^ D(m) + !(m) + -pf m 


(9.13) 


-ArC(2m2+1) + -^C 


em- 


3m' 


2 1 


1 




7 *^0 -I . 


1 4 - — p 

120 J H 3 


(9.14) 


Since m is a positive integer, the necessary condition for the 
average cost to be minimum at m = m^ is 

(9.15) 

4K(mQ- 1) < 0 < AKCm^) 

( 9 . 16 ) 

where AK(m) = K(m + 1) - K(oi) 

Using cost expression (9.14) in condition (9.15) for optimally 
at m^ with the help of equation (9.16), we obtain. 


P(mo) s pil s P(m„-1) with 

P(m) = - [AP^(m) + AP 2 (nn)] 


ce^H 2 

where P/*^) ~ 3 ^ 

‘ 6m 


and PpC^T^) = o 2 
3m 


2 m + L + 3 j 8m 120 


(9.17) 

( 9 . 18 ) 

(9.19) 

( 9 . 20 ) 


Substituting value of m = m^ as obtained from express' 

expressions (9.3), (9.7) and (9.t4), the optimal scheuling period T„, t 

. , , q i-1 2 m and the minimum total cost 

optimal order levels , i - 1 , 2, . . • t 
K(mQ) of the system can be obtained. 
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in particular if e = 0, expressions (9.7), (9.14) and (9.17) reduces 

to 


S, = “,i2i-~1) 


(9.21) 


dC 


Kimt= I (3m + 1 ) + 


6m ‘ 


and -1)5 


C.dH 


H 3 




(9.22) 


(9.23) 


where R(m) 


(m + 1 


-.2 


(9.24) 


f3m + 5m + 1) 

Equations (9.21), (9.22), (9.23) and (9.24) are the same as those 
given by Naddor [75] for the (t, Sj) poiiccy inventory model for non- 
deteriorating items. 


SECTION -n 

CASE WITH SHORTAGES 

In this situation all the assumptions and conditions are same as in 
inventory model without shortages derived in this chapter except that shortages 
are allowed here and t. is the total time that elapses upto and incluuding 

the (i - T)th cycle and the consumption period of ith cycle, 
i = 1, 2, . . . , m. Adjacent figure shows that production cycle of model. 

Also t. - T._^ = r (T. - T._^) : i = 1, 2 m (9.25) 

Where r is a fraction such that 0 < r < 1. It follows from equation (9.25) 
that when r = 1 , shortages are not allowed and when r =0, the inventories 
are not carried at all during the planning period H. 


Equation (9.25) can be written as 
t = ( 1 -r)T._^+rT, 
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H 

m 


[(1 -r)(i-1) + ir] 


from equation (9.4). 


.y. (i _ t + r) 
m 


(9.26) 


Differential equations describing the ith cycle of the system, in this 
case are as follows. 


and 


d (q.t) 2dt 


d ... 2d 


Ti-1 ^ t ^ 


i = 1, 2, . 


(9.27) 


m 


dt 




(9.28) 


H' 


m 


where qj(t) is the 
which are given by 


i = 1, 2, . . . 
current stcKtk level at any time t. Solutions to 


2d 


exp{f(tf-t2)-i 


T-.-i - ^ 


and ci:(\) “■ J.2 ^'1 

n 


Cl(t2_t2), t. <t<Tj 


(9.29) 


(9.30) 


Since initially at ith cycle, inventory level is 


S. i.e.. at t = T,_.|, 


q.(t) = S.. we get 


' V 


2d 


expif(tf-Tf_,)l-i 




2d 


^ 0 ^ 

2m 


|(i - 1 + ff - 0 - ^ f] " 


using equation (9.26). 


exp ^ ^ 

2m^ 


(9.31) 


Total number of units that 


deteriorate during the ith cycle is. 
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t 


D = S 


/ tdt 


2d 




exp 


2m‘ 


(r^+ 2ir - 2r) - 1 




t"-T" , 

I 1-1 


2d 


ILH 


0 

2 m 




, ( 1 ^ + 2ir - 2r) + (i^ + 2ir - 2rf 

8m^ 


— (r^+ 2ir - 2r) 
m'^ 


Neglecting higher order terms of 0 as 0 < 0 < 1. 


p 


4m 


r"^ + 4r^(i - 1)^ + 4r^(i - 1) 


(9,32) 


Hence total number of units deteriorating during H, is 


m 


D!m)= 2 


i = 1 


r . in 


4m^ 


p 2 (i-,)^.4r^ 2 2 

^ i = 1 i = 1 i = 1 


4m‘* 


r^m (m - 1) (2m - 1) + 2r^m (m - 1) + r' 


m 


° |^ 2 m(m- 1)(2m-1) + 6r(m-1) + 3r2J 


12m-^ 


(9.33) 


Number of units in inventory in ith cycle 


,(i)= /qi(t)dt 


- J 

w2 ^ 

H T 


tf -A ^7 


dt 
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3 , e. 


I +-f (t^t-|t¥ + r 

) 4 \ I 3 1 5 


t 

5v -,i 


H" 


IliII 

3 T' ’'-I 3 ) "^ 15 


- - ft^T. 




4 Vi-1 3Vi-i- 5 


d r 0 


2«„H“ 


®nH 
-5 ,_0 

4m' 


,i_i+r)5_ 2 2 ( 3+l(i_i)5 

H'- L i5m^ W ^ ’ 3 '' 'J ^c;ii ' 


+ .2y! ,j _ 1 |(i - 1 + rf(\ _ 1 ) _ i i . - 1)^ 

2m'^ m ' '^3 


|] (9.34) 


Hence total number of units in inventory during H, 


m 


i=1 


m3 


0 H^r® m / 

0 5;(i-1)2 + 


3m‘^ i=i 


12m3 0 


\ ^ 

lo-n 

i = 1 




1 + 


e„HV 


dHr^ 


m 


OM^r 


2-^(m-l)(2m-1)+^ 


18m' 


Sm'' 


m 

J,’] 


1 +- 


12m^ 


(m-1) + 


2r 


I tHVl 

^ 2 
5m^ 


dHi^ 


m 




'SoH'' 2 1 
+rr-:: 


9 3 2 




24 


m 



1 

120 j 

ml 


(9.35) 


Also number of units responsible for shortages during ith cycle 


,(i)= f qi(t)dt 
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H ♦ 


i i • 3 


T 

3.. t' 


H 


Vt - ' -~i^' 
H'- ! ' ^ 3 3 • 


clH 

3nn^ 


1 3( i - 1 +■ r) i - P - 2( i - 1 + r)®j 


-^-(1 -r)2(3i-2 +2r) 

anr^ 


Therefore total number of units backloggged during H, 

d ? 

I jm) = — - (1 - rr(3m - 1 + 4r) 

6m 

Now total average cost per unit per unit of time 
d0 Hi^C 

K(m, r) = r2(m - 1) (2m - 1) + 6r(m - 1) + 3r^ 

12m^ L J 


(9.36) 


(9.37) 


dr^ 

m 


2 


+ 


m 


i ^ 


2 

! 

, 24 “ 6 , 




18 120 




dC. r 


+ 


m 6m' 


2 L' 


(1 - r)^(3m + 4r - 1) 


m 


C 3 

+ -m 


(9.38) 


Since m is a non-negative integer and r e [0, 1 ], the necessary 
conditions for K (m, r) to be minimum at m = m^ and r = r^ are 

AK(m - 1, r) < 0 < AK(mg, r) (9-39) 


and — K(m, r) = 0 at r = Tq 


(9.40) 
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v.'here 


reduce. 


v/ith 


where 


AKimi = Kim - 1) - Kf m) {9-41) 

By Virtue of equation (9.38) and (9.41) condition for minimum cost 


P,m^^i < ^ < Ptm^-I) 


Pi mi 


A P,(m) + AP 2 (m) + Apgim)] 


(9.42) 

(9.43) 




Pjm) - 3 

12m 


i2(m 


1 )( 2 m- 1 ) + 6r(m-1) + 3r2] 


D + 

P^im, - ^ T ^ 


9 3 2 




24 


m 


(a H^r 270 -HV'j 1 


18 


120 


] m^l 


Pgim) = —5 
6m 


(1 - r)^(3m + 4r 




(9.44) 


(9.45) 

(9.46) 


and, 

— 5^^ r2r(m - 1)(2m - i) + 3(m - 1) + 3rj 
6m® L 


f- -^C, frm + 

m ^ 




+ 






m 


(d„HV 

270QH®r®'| 

_Ll 


30 j 

m®-! 




(9.47) 


m 

Equations (9.42) and (9.47) are optimal conditions. 

,n particular when there Is no deterioration, r»e have 

K,n,.r, =G(m,r,.^^(3m44r-3,4g(l-0W4r-t,. „ 


C3m 


(9.48) 
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Also Gfrri 1| 


dC. 

• — l3m + 1) + 
Sm*" 


H 


(9.49) 


dC C,m 

aful uim, 0) - + 

6n/ ' H 


(9.50) 


Eqiiation (9 49) is the same as obtained by equation (9.22) for no 
siK’rtafje ca?.p given by Naddor [75]. Solving equations (9.42) and (9.47) 
the optima! values and can be obtained. Substituting these values of 


rn^ and in equation (9.31) and (9.38) the optimal order levels S^ and 
minimum average cost C{mQ, r^) of the system can be obtained. 


The demand of a product may decrease with time due to the 

introduction of a new product which is cheaper and superior to old one. 

The value of new product will be increasing with time. Most of the food 

products, photographic films, many drugs and pharmaceuticals will fall into 

any one of these two categories. The models studied in this chapter can 
be useful for all such products which show increasing or decreasing trend 
in their demand. For example fuel consumption during winter, petrol con- 

sumption during vacation etc. 

DISCUSSION 

A (T. S.| policy inventoty model has been investigated in this chapter 

for linear trend in demand and variable rate of deterioration. In first part 

of the chapter, shortages are not allowed while in second part shortages 
are also incarporated. The number of replenishments period, scheduling time 
and total cost are, all determined in an optimal manner. 

It is deduced that, if deterioration does not occur, both of these 

models reduce to the corresponding mode! for non-deteriorating items, given 
by Naddor [75]. 

The above (T, Sj) policy inventory model can further be generalized 

for other suitable functional forms of demand rate. 
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